J. Fluid Mech. (2025), vol. 0, A1, doi:10.1017/jfm.2025.10846

Bi-orthogonal decomposition for slow acoustic
pulse receptivity simulation of hypersonic
boundary layer over a blunt cone

Zihao Zou' @, Simon He' and Xiaolin Zhong'

1University of California, Los Angeles, CA 90095, USA
Corresponding author: Zihao Zou, zzoul @ucla.edu

(Received 24 March 2025; revised 22 September 2025; accepted 20 October 2025)

The conventional eV laminar-to-turbulent transition-prediction method focuses on the
relative growth rate, called the N factor, and neglects receptivity. To improve predictions,
Mack (1977) proposed the amplitude method to incorporate receptivity, nonlinear effects
and broadband characteristics. Currently, the lack of accurate receptivity coefficients,
estimates of initial disturbance amplitudes at the lower-branch neutral position, referred
to as branch I (where the imaginary part of the spatial wavenumber is zero), hinders the
application of the amplitude method. Although experimental- and numerical-receptivity
analyses have been conducted previously, they rely on correlations or indirect approaches.
For the purpose of direct evaluation, this study applies bi-orthogonal decomposition
to direct numerical simulation (DNS) data of a hypersonic boundary layer over a blunt
cone, extracting initial amplitudes of instability modes. The decomposition framework
incorporates both boundary-layer and entropy-layer modes, enabling direct evaluation
of receptivity coefficients at branch I. The decomposed modal amplitudes show reduced
multimode interference and the receptivity coefficients have been computed to have fewer
oscillations. With an overall greater magnitude, the receptivity coefficients suggest a
possible earlier transition location than the previous numerical study by He & Zhong
(2023 J. Spacecr. Rockets, vol. 60, no. 6, pp. 1927-1938). Additionally, a discrete
entropy-layer mode is recovered, contributing to instability development alongside modes
F and S. These findings support the use of bi-orthogonal decomposition as a practical tool
for receptivity analysis and enhancement of the amplitude method in transition prediction.
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1. Introduction

Boundary-layer transition has always been a critical topic of study in the field of fluid
mechanics, especially for the hypersonic flow over aerospace vehicles. Since the turbulent
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Figure 1. Path to transition with respect to the disturbance amplitude, adopted from Zhong & Wang (2012).

boundary layer can cause higher aerodynamic drag and increased heating on hypersonic
vehicles, an accurate prediction of the laminar—turbulent transition location is crucial for
vehicle design in the placement of thermal protection. Morkovin (1994) first characterised
the boundary-layer laminar—turbulent transition into various paths depending on the
disturbance amplitude. Figure 1 is adopted from Zhong & Wang (2012) to show the
various paths of boundary-layer transition. For all paths, the transition is initiated by the
initial perturbations generated from ambient forcing disturbances through the receptivity
mechanism. Depending on the amplitude of the disturbance, the instability waves can
experience a linear modal growth, a transient growth due to non-orthogonal modal (non-
modal) interactions, or bypass to turbulence. In order to control and suppress the transition
to turbulence, understanding the transition mechanism and its underlying pathways is
paramount for controlling turbulence onset.

This work focuses primarily on the small-perturbation regime, which closely resembles
flight environments. In this regime, the disturbances from the free stream enter the
boundary layer and give rise to initial perturbations during the receptivity process. These
weak initial disturbances experience linear growth, leading to nonlinear-mode interactions
and eventual breakdown. To predict the transition location in path A in figure 1, current
prediction procedures include methods such as the e method and the amplitude method
by Mack (1977). While the widely applied eV method can be easily implemented,
the method does not account for broadband effects and the receptivity mechanism at
work. The amplitude method, proposed by Mack, provides a more accurate prediction
of boundary-layer transition by including receptivity, nonlinear and broadband effects.
Integrating across the wavenumber and frequency spectra, this method directly estimates
the maximum disturbance amplitude at a given position of the boundary layer with the
initial amplitude. Although straightforward in theory, Mack’s method can pose challenges
on the implementation without assumptions, such as the infinite frequency spectrum and
the availability of receptivity data. Marineau (2017) addressed these challenges by making
practical assumptions, such as approximating the integral across the finite-bandwidth-
disturbance spectra as a summation, and with experimental correlations of receptivity
coefficients. Given the critical role that receptivity data play in the amplitude method,
an accurate evaluation of receptivity coefficients is essential. To address this need, the
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current study aims to develop and demonstrate a combined computational and theoretical
analysis tool capable of extracting receptivity data directly.

In this work, the process of external disturbances entering the flow and exciting
instability, defined as the free-stream receptivity by Zhong & Wang (2012), is focused
on. Extensive studies including theoretical, experimental and numerical approaches have
been conducted in the investigation of free-stream receptivity. Goldstein & Hultgren
(1989), Fedorov & Khokhlov (1991) and Qin & Wu (2016) have made substantial progress
in receptivity studies using the theoretical approach, which includes the application of
asymptotic theory alone or in combination with bi-orthogonal decomposition. However,
analytical solutions are limited to simple flow geometries and conditions due to the
complexity of the analysis. Moreover, the experimental work of Marineau et al. (2014)
investigated a Mach 10 boundary-layer flow over sharp and blunted cones using the AEDC
Hypervelocity Wind Tunnel 9. Marineau observed, for a large bluntness, no significant
second-mode instability was observed at the start of the transition. In this case, the
transition might be linked to tunnel noise or non-modal effects. The latter indicates the
need for a multimode method in the theoretical analysis for validation.

Recently, significant improvements in numerical simulations, such as direct numerical
simulation (DNS), have been found to provide detailed insight into the flow physics
and allow for the investigation of complex flow configurations. For hypersonic flows,
Zhong (1998) developed a high-order finite difference (FD) shock-fitting method and
later Ma & Zhong (2003) applied this method to study the receptivity of free-stream
acoustic waves with fixed frequencies for a Mach 4.5 flow over a flat plate. Ma and
Zhong identified discrete modes I, II and higher that arise from the fast acoustic spectra,
and also observed the presence of the 1st, 2nd and higher modes originating from the
slow acoustic spectra. These discrete modes were named the discrete F and S modes
accordingly by Fedorov & Tumin (2011) and this nomenclature will be used throughout
the remainder of this chapter. Extending the work, Huang & Zhong (2014) studied the
broadband effects of a free-stream entropy hotspot on receptivity over a blunt cone and
compared the simulated results with Linear Stability Theory (LST). Similar to the DNS
result from Ma & Zhong (2003), the broadband receptivity results exhibit an oscillating
behaviour of the phase speed near the fast acoustic phase speed indicating a significant
contribution from the fast acoustic wave in the region near the synchronisation point.
Huang and Zhong proposed an approach for obtaining the receptivity coefficient of the
second mode by approximating the initial amplitude of the dominant mode with the
N-factor growth rate. This procedure, referred to as the backtracking method in the rest
of this study, divides the second-mode amplitude from a dominant location by the LST
N factor. The receptivity coefficient or the initial amplitude is then defined as the ratio
between the disturbance amplitude, A(s*, f;,), obtained from the unsteady DNS data, and

the eV value at a particular streamwise location s* and frequency f,:

A (s*, fu
Cree () = Ao () = e D). (L1)

Here, the non-dimensional amplitude spectral density, A(s*, f;,), is normalised by the
free-stream pulse density perturbation. This transcribes to a normalised C,. as well.
This definition is similar to the receptivity coefficient used in the work of Marineau
(2017) and can be applied directly in the amplitude method. He & Zhong (20214, 20215,
2022) expanded further on the research of broadband receptivity. Recently, He & Zhong
(2023) applied their receptivity results to the amplitude method implemented by Marineau
(2017) to improve the accuracy of the transition-prediction method. With the numerical
results, He & Zhong (2023) was able to generate the receptivity coefficients for various
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flow conditions and scenarios. However, the backtracking method only focuses on the
contribution of the unstable mode and neglects other modes, such as the continuous-
and entropy-layer modes. The bi-orthogonal decomposition, although also relying on the
LST assumptions, considers entropy-layer and non-dominant modes that would effectively
enhance the understanding of receptivity. Furthermore, the backtracking approach applies
the eV method directly to the DNS flow field, which includes contributions from
both modal disturbances and free-stream forcing. As a result, the computed receptivity
coefficient inherently contains non-modal components associated with the initial
disturbance pulse. In contrast, the present study employs bi-orthogonal decomposition to
isolate the true modal amplitudes, thereby reducing the influence from free-stream forcing.

The bi-orthogonal decomposition has been proposed as an enhancement to asymptotic
and numerical methods to solve the receptivity problem by Huang & Zhong (2014) and He
(2022). Proven in the works of Salwen & Grosch (1981) and Tumin & Fedorov (1983),
the solutions to both temporal and spatial problems of linear growth in the boundary
layer include various discrete and continuous normal modes. Another set of solutions,
which are adjoint and orthogonal to the original problem, exists and forms a bi-orthogonal
eigenfunction system (BES) with the original solution. The bi-orthogonal decomposition
involves applying adjoint fields, which are orthogonal to the original solution, to obtain
the amplitude coefficients for each modal solution. In this context, the discrete modes
consist of two wave types, mode F and mode S, as defined by Fedorov & Tumin (2011).
In addition, the continuous modes are referred to as the non-decaying entropy, vorticity
and fast/slow acoustic waves. These continuous modes originate from the boundary
layer and extend to the outer shock layer. Furthermore, the intermodal energy exchange,
known as synchronisation, between discrete and continuous modes plays a significant
role in the transition. More specifically, the energy exchange between the discrete first
mode and second/higher-order modes leads to the well-known second-mode instability in
both computational and theoretical studies by Fedorov & Khokhlov (2001) and Ma &
Zhong (2003). Moreover, Tumin (2011) also presented a survey of applications to the
receptivity problem in computational and experimental work. Saikia, Al Hasnine & Brehm
(2022) used the BES to examine the amplification of the supersonic discrete mode of a
high-enthalpy flow over a flat plate. Hasnine et al. (2020) studied a particulate-induced
disturbance over a plate boundary layer of a high-speed flow. Furthermore, Miselis,
Huang & Zhong (2016) performed the decomposition for an entropy-spot perturbed flow
field over a blunt cone. However, there is only limited literature on the application of
the method to flow over blunt geometries. In the current study, we aim to deploy the bi-
orthogonal decomposition more extensively on a hypersonic flow over a blunt cone to
investigate the boundary-layer and entropy-layer disturbances in depth.

Furthermore, input—output, or resolvent, analysis is another popular tool for transition
analysis due to its capability of considering non-modal effects. In the input—output
approach, an arbitrary forcing, including the nonlinear term from the full nonlinear
Navier—Stokes equation or an external forcing on the linearised Navier—Stokes equations
acts as the input to the discrete operator and the response of the forcing is studied. To use
this tool, the Navier—Stokes equations for the full domain are discretised, using the spectral
collocation method by McKeon & Sharma (2010), Jovanovi¢ & Bamieh (2005), the
finite volume method by Dwivedi, Sidharth & Jovanovi¢ (2021) or a numerical Jacobian
method by extracting the linear operator from known solvers in the works of Cook et al.
(2018) and Nichols & Candler (2019). Although this analysis accounts for the non-modal
effects, the resolvent analysis decomposes disturbances into modes with respect to the
energy norm presented by Chu (1965), which contains both modal and non-modal content.
A recent study by Cook & Nichols (2024) has presented a comparison between the LST
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mode F and a direct response mode using the resolvent analysis, showing that such a
response mode contains both mode F in the boundary later and non-modal content in
the entropy layer. Input—output analysis highlights the early, non-modal amplification
of external disturbances, whereas bi-orthogonal decomposition provides a clear modal
decomposition of the flow field and isolates each mode’s amplitude evolution. Thus, the
input—output analysis and modal analysis, such as the bi-orthogonal decomposition, can
complement each other and be used to better understand the source of receptivity, whether
modal or non-modal.

Although the receptivity mechanism has been extensively studied with theoretical,
experimental and DNS approaches, direct evaluation of receptivity coefficients at the
branch I location for hypersonic flows over blunt cones remains very limited. In addition,
the previous backtracking method incurs significant computational costs because it
requires simulations to be performed until a second-mode dominant region is reached.
To address current limitations, the primary goal of this paper is to present a practical tool
employing bi-orthogonal eigenfunction decomposition for directly and accurately evalu-
ating receptivity coefficients at the branch I location. Implementing the high-order finite
difference method used by Zou & Zhong (2023), the BES including discrete boundary-
layer and entropy-layer modes is obtained for a hypersonic flow over a blunt cone. The
preliminary decomposed result of the receptivity flow field has shown agreement between
the decomposed mode S amplitude and the backtracked mode S amplitude based on the
eV method. With the initial amplitudes obtained with the bi-orthogonal decomposition,
the receptivity coefficients have been computed directly for the first time to enhance the
amplitude method in transition prediction. Furthermore, an entropy-layer discrete mode,
existing only in flow over blunt cone geometries, is incorporated into the bi-orthogonal
decomposition and its contribution to the flow field is explored.

2. Governing equations
2.1. Navier-Stokes equations

While hypersonic flows are typically characterised by high enthalpy and chemical non-
equilibrium effects, as discussed in Mortensen & Zhong (2016), many experimental
investigations, including Marineau et al. (2014, 2015), are conducted under low-enthalpy
conditions. To align with these experiments and improve the accuracy of receptivity data,
the current study adopts the low-enthalpy free-stream conditions with the calorically
perfect gas assumption. For the compressible boundary-layer flow, all flow variables are
non-dimensionalised by their corresponding boundary-layer-edge values, velocities u by
the edge velocity u,, pressure p by the edge dynamic pressure ,oeug, density p density
by the edge density p.. A reference length scale L is assumed for all lengths and the
time variable, ¢, is scaled by L /u,.. Thus, the dimensionless Navier—Stokes equations for a
viscous compressible flow of ideal gas in Cartesian coordinates are used:

ap
E + V. (ou)=0, 2.1
ou 1
o (5 +u- Vu) =-Vp+ V- [AV -] +pn(Vu+Vw)")], 2
T wovr)=_"! V(VT)+1<;D (2.3)
Per e T “Re-pr " Re )

where Re is the Reynold number and Pr is the Prandtl number. The dimensionless viscous
dissipation function is
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O =A(V-w)’+ 5 [Vu+ (V)] 2.4)
The ideal gas law is given by
pT
= ) 2.5
P= M (2.5)

We also make use of the Stokes’ hypothesis of 1* = —2u*/3. The viscosity u is given
by the Sutherland formula with the reference air temperature set to 300.55 K. The thermal
conductivity k may also be formulated by the Sutherland formula with the Sutherland
temperature Sy. For the result of this paper, however, k is computed by assuming a Prandtl
number Pr =0.72, defined as ucp,/k where ¢, is the specific heat at constant pressure
and assumed to be constant for a perfect gas.

2.2. Linear stability theory

To study the property of instability waves in the boundary-layer flow, a small perturbation
is assumed. From the Navier—Stokes equations, we can derive the linearised Navier—Stokes
equations (LNSE) by assuming a small disturbance added to the flow variables following
previous works of Malik (1990) and Tumin (2007). The quasi-parallel assumption, which
assumes that the mean variable depends only on the wall-normal direction, i.e. Mean-
flow velocities, U ~ U(y) and V =0, is applied. By neglecting the higher-order terms
such as the disturbance velocity squared, 2, and subtracting the mean-flow equations,
we can obtain the non-dimensional linear stability equations. For a flat-plate profile, the
assumption of dP/dy — 0 causes the pressure profile to be constant, P = 1/(y M?). For
mean-flow profiles of other geometry, as suggested by Miselis et al. (2016), the assumption
is not applicable and the mean-flow pressure distribution has to be accounted for in the
linearised equations. The mean-flow velocity boundary condition at the wall, U4, will
be the no-slip condition. The mean-flow temperature boundary condition, T, can be
adiabatic or isothermal at the wall:

Uwall =0

dT, 2.6
dwa” =0 or Ty, = constant. (2.6)
y

For the fluctuations velocities at the wall, 1,477, Vywan and wy,qg;, will still have the no-
slip condition. However, the fluctuation temperature boundary condition, 6,,,;, is set to be
zero because of the thermal inertia of the wall:

Uwall,s i)walla Wyalt =0 2.7)
Owair = 0.

In the free stream, the flow parameters are governed by the shock using the Rankine—
Hugoniot condition in the DNS of Zhong (1998). The free-stream perturbations, including
velocities u, v, w, pressure p, and temperature 6 are defined to be bounded by Salwen &
Grosch (1981), allowing the existence of neutral continuous modes,

y— 00:

i, 0, W, p, 0] < oo, (2.8)

as well as the corresponding spatial derivatives in the streamwise and spanwise directions.

From the set of linear stability equations, a periodic-in-time perturbation is assumed,
which leads to a solution in the form of exp(—iwt) after a Fourier transformation in time
is performed. After the transformation, the perturbation variables and their corresponding
spatial derivatives are defined in a column vector, A, with 16 components:
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Ax,y,z)=u,dou/dy,v, p,0,00/dy, w, dw/dy, du/dx, dv/dx,

2.9
30 /9x, dw/dx, du/dz, dv/dz, 30/9z, dw/dz)T . @9

The # notation is dropped and written as u for simplicity in notation. Vector A is
defined with 16 variables such that the LNSE can be written to be linear with respect
to the streamwise wavenumber « following Tumin (2007). With the 16-variable form, the
orthogonality relation will be defined in a later section. In this study, the perturbation is
assumed to take the form of a travelling wave, such as the following streamwise velocity
disturbance variable, u:

i =u(y) expli(ax + Bz — wt)] (2.10)

where o and B are the streamwise and spanwise wavenumbers, ¢ is the wave propagation
speed, and w = «c is the wave frequency. The wave shapefunction is denoted by #(y). In
the temporal problem, both wavenumbers, o and B are assumed real and the complex
frequency w is determined. On the other hand, for the spatial problem, the spanwise
wavenumber 8 and the frequency w are real valued and the streamwise wavenumber «
is complex. For discrete modes, the streamwise wavenumber « is solved as a complex
eigenvalue. For continuous modes, however, the streamwise wavenumber « is determined
from the branch cuts in the solution of the Cauchy problem presented in a later section.
Substituting the solution form of (2.10) into the LNSE and eliminating expli(ax + Sz —
wt)] on both sides of the equation, the system with A,z being the transformed variable of
A in (2.9) can be written as

d [ 9A A . .
(Lo “’3)+L1 P — HiAwp +iaHyAup +iBH3Aup

ay dy dy 211
y=0: (Zy)i=0, i=1,3,57 @I
y—>00: |(Agp)i| <00, i=1,...,16.

The elements of Lo, L1,H |, H> and H3 are given in Appendix A. For implementation,
(2.11) can be recast as a first-order system of eight components of the following with the
corresponding boundary conditions:

d
Zap —HZa,s
dy
V=0:(zp)i =0, i=1,357 @12)
y—>oo:|(zaﬂ)i|<oo, i=1,...,8,
with z4g defined as
Zag = (u, du/dy, v, p,0,090/0y, w, dw/dy). (2.13)

Here, H is an 8 by 8 coefficient matrix. The elements of H can be found in Appendix A.
The solutions of (2.12) can be classified into two types, discrete and continuous modes,

according to the free-stream boundary conditions. From (2.12), a total of eight fundamental
(m)

solutions can be obtained with each fundamental solution Zop (y),m=1,---, 8, where m
is from 1 to 8 for the 8 fundamental solutions, satisfying the following:
(m)
dz,
B (m)
_* _H =1. ... 8
dy zdﬂ (y)a m k) 9 k) (214)
y_)oo;z;'z)(y):zg;zeﬂmy’ m:l, Y 85
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where zaﬁo(’”) is the mth fundamental solution in the free stream. The derivation of

eigenvalues 4, and the corresponding asymptotic solutions z‘%z can be found in previous

works of Tumin (2007) and Zou & Zhong (2024).

2.2.1. Discrete modes

Four solutions having the asymptotic behaviour of ~exp(4,y), m=2, 4, 6, 8
where Re(d,) >0 and the other four solutions being ~exp (4,,y), m=1, 3,5, 7
where Re(4,,) < 0. For discrete modes, the boundary condition at the free stream can
be formulated as a decaying condition as a subset of the bounded condition in (2.12).
These discrete modes include free-stream decaying modes such as mode F, originating
from the fast acoustic spectrum, mode S, originating from the slow acoustic spectrum and
higher-order modes. Based on the decaying nature of these fundamental solutions in free
stream, such boundary conditions can also be written as

y—>00:(Zep)k =0, k=1,3,4,57. (2.15)

These free-stream boundary conditions can replace the free-stream boundary conditions
in (2.12) and form a homogeneous problem. For implementation, the homogeneous
problem can be formulated as a nonlinear boundary-value problem given in Zou & Zhong
(2024).

For the case with a bow shock at the end of the domain, a set of shock boundary
conditions based on the linearised Rankine—Hugoniot relations can also be implemented
following Chang, Malik & Hussaini (1990) and Knisely & Zhong (2019a). These are also
the jump conditions implemented by Cook & Nichols (2022) in their resolvent analysis.
However, these linearised Rankine—Hugoniot relations were concluded to have negligible
influence on the direct LST result by Knisely & Zhong (2019a). Thus, this study will
impose the decaying conditions as Tumin (2007).

2.2.2. Continuous spectra

In addition to the discrete modes, the boundedness condition allows the existence
of neutral waves oscillating beyond the boundary layer known as continuous modes.
According to the work of Tumin, Wang & Zhong (2007), the continuous acoustic modes
contribute mainly to the outside of the boundary layer, apart from the free-stream forcing.
Furthermore, for the flow conditions considered in the current study, previous work by
He & Zhong (2022) has shown that the phase speed of instability at the branch I location
is far from the fast and slow acoustic spectrum. Thus, the current study will focus on the
discrete-mode receptivity.

Nevertheless, the continuous mode formulation can be found in the previous work of
Zou & Zhong (2024) for future interest. The two types of solutions combine to form a
complete set of solutions as a superposition of discrete and continuous eigenfunctions
accordingly:

A=) ChAy, (y)e + /0 CjAq, (y)e™ M dk, (2.16)
n j

with Ay, representing the discrete modes and Ay ; being the continuous modes, containing
a superposition of the fundamental solution. Since any perturbation can be decomposed
into discrete and continuous modes, the bi-orthogonal decomposition procedure can be
formulated. The numerical implementation to obtain both discrete and continuous modes
using the finite difference method will be discussed in § 3.
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2.3. Adjoint problem and BES

With the 16-variable direct system of (2.11) defined, the corresponding adjoint system with
complex-conjugate adjoint variables Bgg can be introduced:

d 19Bap 19Bap T - oy T coqggT
5(LO ay“ )—Ll % =H|Bys +iaH)Bos +iBH; Byg

y=0: (Byp)i=0, i=24,638
y—>00: |(Bap)i| <oo, i=1,...,16.

(2.17)

Here, the transpose is the conventional transpose without conjugation since the complex
conjugate is introduced in the definition of Byg. The boundary conditions for the adjoint
problems are also obtained from the inner product definition with the direct-problem
boundary conditions. The adjoint system can also be recast in the form of first-order
equations, with the adjoint variable vector Y 44 presented in the works of Tumin (2007).
With the dual systems, the orthogonality condition exists between two different modes
with eigenvalues « and o’

0
i(a—0) /0 (H2Aup, Byg) dy =0. (2.18)

This orthogonality relation can be obtained by an integration by part of the dot product
between B4 and (2.11). Equation (2.18) can be rewritten into this form:

oo
(H2Aqp, Bafﬁ)=/0 ((H2A4p) . Byrg) dy =T Agq. (2.19)

According to Salwen & Grosch (1981), for the discrete modes, the term A, represents
a Kronecker Delta, which equals 1 if the eigenvalues of the two modes are the same. This
is because the decaying behaviour of the discrete modes and the integral should result
in a constant I" value depending on the normalisation. For the continuous modes, the
same term represents a Dirac delta. Tumin (2007) also derived the following inner product
relation between Aqp and zqg, which would be helpful in the numerical implementation:

. [0H
(HzAaﬁ, Bag) =—i <£Z(xﬁ, Yaﬂ>. (2.20)

To verify the bi-orthogonality of the modes, the orthogonality relationship is evaluated
numerically in a later section. Subsequently, the coefficients for each modes can be
obtained from the DNS flowfield Zpys using the following relation assuming local parallel
flow:

- J0H
—1{(5-2 s Y
Corode = (' IQNS op ). 2.21)

3. Numerical methods
3.1. Direct numerical simulation

A receptivity simulation is performed with a high-order shock-fitting DNS developed by
Zhong (1998) for a hypersonic flow over a cone on a curvilinear grid. The governing
equations in vector form are written as

U aF  3G;
I )

— =0, i=1,2,3), 3.1
R (J ) @3.1)
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where U is the state vector of conserved quantities and F; and G are the inviscid and
viscous flux vectors, respectively. Here, the j indices indicate curvilinear coordinates in
the streamwise, radial and azimuthal directions about the cone. The conservative vector
U comprises five conservative flow variables for mass, momentum and energy. The shock
is treated as a moving boundary and the flow condition behind the shock is determined
with the Rankine—Hugoniot relations. The numerical scheme used is a fifth-order upwind
scheme for the inviscid fluxes and a sixth-order central scheme for the viscous fluxes.
Additional details of the general numerical method used for the DNS and the shock-fitting
scheme can be found in the work of Zhong (1998). This shock-fitting scheme is used for
high-order accuracy and the ability to resolve the flow field after the shock. For steady
mean flow, a parallel assumption is applied and the mean-flow variables are functions
of the wall-normal direction coordinate only. Under this assumption, the flow field data
are divided into wall-normal snapshots for each streamwise location and each snapshot at
these streamwise sampling locations is analysed.

3.2. Free-stream disturbance model

Following the previous DNS work by He & Zhong (2021a, 2022), the perturbed flow
field is obtained by imposing a propagating Gaussian distributed free-stream disturbance
throughout the domain:

/ (Ro)?
q(x,y,z,t)=|q |ooexp Ty + goo- 3.2)

The term ¢ is the disturbance variable and |q’ |OO stands for the peak free-stream
perturbation. The term R, refers to the radial distance from the centre of the pulse to
a point in the flow field. The variable o controls both the spatial width of the pulse as
well as the frequency bandwidth of the disturbance since R, is defined as a function of
X — Xpuise Where X pyi5e = X0 + Coot With xg to be the starting location and Coot to be the
phase speed times time. For the detailed formulation and parameters of the current case,
one can refer to case I from the previous study of He & Zhong (2022).

To study the receptivity behaviour to various disturbances, the standard procedure
is to decompose the perturbed flow field resulting from each pulse into their spectral
frequency components, deployed in various works of Sivasubramanian & Fasel (2014)
and A. Al Hasnine et al. (2023). The unsteady DNS flow field is analysed with a fast
Fourier transform (FFT) to obtain the disturbance information in the discrete frequency
spectrum. Although the FFT is ideally suited for statistically stationary or harmonically
forced signals, the semi-infinite streamwise computational domain in the current study
allows the initial disturbance to propagate without significant reflections. Furthermore,
the agreement between the spectral components of the DNS flow field at the second-mode
dominant location and the discrete mode S from the BES would also validate the approach.
The bi-orthogonal decomposition is then applied to the spectral components of the flow
field to further analyse the modal contribution.

3.3. High-order finite difference method for discrete and continuous modes

The general high-order finite difference method on a non-uniform grid by Zou &
Zhong (2024) is applied to obtain discrete and continuous modes. Using the boundary-
value-problem approach, the method can be adapted to compute both discrete and
continuous modes using different boundary conditions and eliminates the need for
intricate Gram—Schmidt orthonormalisation and the associated recovery process in the
initial-value-problem approach. The domain in the wall-normal direction is non-uniform
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enabling a direct discretisation. The distribution of N number of grid points over the
domain [a, b] will follow Kosloff & Tal-Ezer (1993), Zhong & Tatineni (2003), and
Shukla, Tatineni & Zhong (2007),

_b+a

W= - sin_l(—ozg cos(mj/N))

2 2sin"! ’
where a =0 and b = yx. In (3.3), o, refers to the grid stretching parameter and does
not relate to the streamwise wavenumber mentioned in other parts of the paper. The
grid stretching parameter, ag, controls how dense the grid points are distributed near
the domain edges, with O being the Chebyshev distribution and 1 being the uniform
distribution. This parameter is set to 0.9995 to ensure stability following the work of
Zhong & Tatineni (2003). With the grid defined, we apply the finite difference method.
In order to approximate the solution at each y;, the local stencil of / points, [ =n +m + 1
where n being the number of points before point i and m being the number of points after
i, can be used. Under this convention, the stencil length [ is used to identify the schemes.
Based on this grid, the differential equations of (2.12) can be solved with a finite difference
method. By taking the derivative of the Lagrange polynomial, the first derivative for all
points i =0, - - -, N can be approximated as

i=0,...,N, (3.3)

dzgp (i) A .
—B i _ § Nai;, i=0,...,N, 3.4
dy; Zap (YJ) aji l (3.4)

j=i—n

where the coefficient a;; corresponds to the jth coefficient in the first derivative of the
Lagrange polynomial for the point y;, given as

1 Vi —
a,,:zy._y 1 ﬁ 3.5)
p#i T TP g#Gp) T

With the first derivative approximated at each y;, the matrix H of (2.12) also varies for
each y; location from i =0 to N. Hence, the approximated (2.12) can be written as

dZ (y) i+m .
—“jy. —= Y zap () @ji=Hizep (vi), i=0,---,N. (3.6)
1

j=i—n

For the implementation of boundary conditions, Zou & Zhong (2024) presented a
detailed formulation and implementation procedure for both discrete and continuous
modes. With the discrete system, the sparse lower-upper decomposition from MATLAB
is used to solve the linear system. With the discrete and continuous modes computed, the
bi-orthogonal decomposition method to obtain receptivity coefficients is described.

3.4. Bi-orthogonal decomposition for receptivity

The bi-orthogonal decomposition procedure follows previous works of Tumin (2003,
2007). Let us consider a decomposition of computational data Ap with discrete and
continuous modes. The components of A p are the spectral components of the perturbation
variables for a given frequency, f, arranged in the order defined in (2.9). Equation (2.16)
of any perturbation can be expressed as follows, where P =2 represents the number of
discrete modes (F and S), and Q =5 represents the number of continuous modes (fast
and slow acoustic modes, two vorticity modes and entropy mode). For each continuous
branch, the integral in (2.16) can be approximated with a Riemann sum or other numerical
integration scheme. The discrete branch parameter K;, [ =1, ---, N represents the range
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of K for N discrete points. For every discrete branch parameter of K, the continuous mode
coefficients, C;(K), need to be computed and summed to account for the contribution
of the entire branch. Thus, following (2.16), the numerical result from DNS can be
approximated as

P 0 N
Ap(x,y, )XY CoAup, (M + > Ci(KD)Aup; (v, KNI KD*AK. (3.7)
n j o1

where C,, corresponds the modal coefficient of the nth discrete mode and Ay, (y) being
the discrete-mode eigenfunction. The coefficient C; refers to the coefficient of the jth
continuous mode and Aqpg; (¥) is the corresponding wave shapefunction. Let the vector z p
be the first eight components of A p; the coefficients for each mode can be obtained with
(2.21). The modal coefficient, C,,,, where m = n for the nth discrete mode and m = j for
the jth continuous mode, is as follows:
oH
)

(e
do B T ap

with z(’;’ﬂ being the direct eigenfunction of the nth discrete mode or the jth continuous
mode from (2.16) and Y&"ﬂ being the adjoint eigenfunction for the corresponding discrete
or continuous mode. Using a non-uniform trapezoidal rule, the integration can be
numerically implemented. Note that a consistent normalisation across the modes is
necessary as the normalisation is dependent on the normalisation boundary conditions
already mentioned.

Utilising the bi-orthogonal decomposition already shown, the individual amplitude of
perturbation variables can be obtained for each mode and the result can be used to aid
receptivity studies, particularly in the computation of receptivity coefficient. Theoretically,
the receptivity coefficient is defined as the ratio of initial perturbation amplitude of the
unstable mode, Aj, where the subscript I corresponds to the data measured at the branch I

location of the neutral stability curve given a frequency, over the free-stream disturbance
amplitude, A, in the works of Marineau (2017) and He & Zhong (2021a), given by

Cn= (3.8)

Crec = Ka (3.9)
where Aj is the unstable mode amplitude of a perturbation variable, which can be
u, v, p,0, in the vector A from (2.9), for a specific frequency w. This amplitude Aj
contains both magnitude and phase angle. Most applications using the initial amplitude,
such as the computation of receptivity coefficient, only require the magnitude of A;. In
DNS studies, the phase angle is also significant to the simulation result. The pressure
component at the wall p,,,y;, which is the 4th component of A at y =0, is used by He &
Zhong (2021a) as A in their cases while the free-stream pulse density perturbation of the
same frequency is chosen for Ay in (3.9) to have an uniform normalisation over various
types of free-stream disturbances such as acoustic and entropy pulses that were considered
in the literature.

To obtain the initial amplitudes of the unstable mode at the branch I location, the bi-
orthogonal decomposition described is applied. Using the mth-mode amplitude coefficient
of Cy, from (2.21) and the solution of the corresponding mode, zzfﬂ or Agﬂ, evaluated at
the branch I location, the receptivity coefficient of the mth discrete or continuous mode
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Ry(mm) Moo  hoooMIkg™)  poc(kgm™) po(kPa) Too(K) Us(ms™) T,/Tooo Pr
5.080 9.81 1.06 0.0422 0.64 50.8 1425 0.3 0.72

Table 1. Free-stream conditions of hypersonic flow over a blunt nose cone following He & Zhong (2022).

for the mth mode can be formulated as

CmAgﬁ (y=0) _ szgﬂ (y=0)
Aso N Aso '

Note that the bi-orthogonal eigenfunctions formulated are normalised by the wall
pressure. Thus, Cy, A(’x”ﬁ (y =0) is multiplied by the wall-pressure amplitude obtained by
DNS to recover the absolute amplitude at the wall. The aforesaid presents the procedure of
obtaining the receptivity coefficient of an unstable mode by bi-orthogonal decomposition.
A case of receptivity analysis for a hypersonic flow over a blunt nose cone will be discussed
in a later section.

(3.10)

rec —

4. Results
4.1. Direct numerical simulation

In this section, the steady and unsteady DNS results for a hypersonic flow over a blunt
cone subjected to an acoustic pulse are presented. For the current case, we adopted case |
from He (2022) with the flow conditions presented in table 1.

With the low freestream total enthalpy, /4o oo given in table 1 along with other
tunnel conditions, figure 2 shows the mean-flow contours of Mach number, pressure and
temperature plotted on the physical coordinates X and Y. From figure 2(a), the boundary-
layer development can be observed near the wall. Furthermore, the shock layer was
converged with the shock as the upper boundary through the Rankine—Hugoniot relations.
The mean-flow pressure near the nose region is shown in figure 2(b), normalised by
the free-stream value. The pressure contour indicates that the pressure throughout the
shock layer is nearly constant downstream at the centreline distance X = 0.01 m, which
is relatively upstream compared with the full domain length of 1.5 m, which is at 295.28
nose radius lengths. Moreover, the temperature contour in figure 2(c) depicts an entropy
layer being present and extending downstream. This entropy layer is associated with the
transition reversal process observed in nose bluntness studies by Lei & Zhong (2012) and
Balakumar & Chou (2018). Before the reversal, the increasing nose bluntness reduces
the local Reynolds number and delays the transition. However, when the nose bluntness
exceeds a critical value, this reduction is reversed with no significant contribution from
the second-mode instability waves, suggesting other forms of excitation. Traditionally, the
existence of entropy-layer instabilities observed by Stetson (1984) at low frequencies was
identified with small amplification rates. Yet, another type of entropy-layer disturbance
was found by Dietz & Hein (1999) located at a second generalised inflection point outside
the boundary-layer edge. Wan, Su & Chen (2020) further concluded with the comparison
between DNS and LST that this entropy-layer disturbance is dominant after the first
mode decay and further induces instability when the entropy layer is swallowed by the
developing boundary layer. Subsequently, Wan et al. (2023) identified this entropy-layer
instability as an entropy-layer mode. The bi-orthogonal decomposition at the second-
mode branch I neutral stability location in a later section also indicates that a higher-order
discrete mode other than mode S contributes to the entropy-layer disturbance.

0Al1-13



Z. Zou, S. He and X. Zhong

(@) (b)
0.06F 0.06 F
005F H7 0.05 F
004F 3 0.04
003F o3

0.02 F
0.01F gl

—0.01 F \ —0.01 F
—0.02F —0.02F
-0.03 :T 1 [ R | TN R | . ‘ -0.03 :T . [ R | .
0 002 004 006 008 010 0 002 0.04
X (m) X (m)

(©)
0.06 F

0.05
0.04 F
0.03 F
0.02 F
0.01F

0.02 F
0.01 F

Y (m)
Y (m)

TR | L
0.06 0.08 0.10

Y (m)

-0.01 F
-0.02 F
-0.03

0 0.02

004 006
X (m)

0.08 0.10

Figure 2. (a) Mach number, (b) normalised pressure and (c¢) normalised temperature contour near the blunt
nose region. Note that the full domain of the cone ends at the central line distance of X = 1.5m or 295.28
radius lengths.

Subsequently, an unsteady simulation is performed to obtain the perturbed flow field for
bi-orthogonal decomposition. This unsteady simulation introduces a free-stream pulse in
front of the blunt nose, and the flow field is recorded as the pulse propagates downstream.
The finite spherical pulse parameters and schematic set-up are provided in the work of
He & Zhong (2022), referred to as case 1. The slow acoustic disturbance in the free stream
has a peak density perturbation amplitude, |p’|o0, of 1 x 107® as well as a peak pressure
perturbation amplitude | P’|oo = |0’|ooy . The parameter o for the finite spherical pulse is
set to 1 x 1073, The pulse is set to start the advection at a location xg = —0.02 m with a
slow acoustic disturbance speed of coo = oo — doo, Where U is the freestream velocity
and a is the freestream speed of sound. Figure 3 presents the unsteady flow field in the
time domain in a downstream region where the second-mode instability is dominant. The
end of the finite pulse is shown in figure 3(a) at the left end of the domain. Following
the finite pulse, the acoustic modulation inside the boundary layer indicates the existence
of an excited boundary-layer mode, resembling a second-mode disturbance. Furthermore,
the weaker disturbances radiating from the second-mode instability into the rest of the
shock layer indicate the existence of a potential supersonic mode. This supersonic mode,
as Knisely & Zhong (2019b) have suggested, can be excited by the interactions between
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Figure 3. Normalised second-mode pressure disturbance in the downstream region following the propagating
pulse’s end towards the domain’s end. (a) The front of second-mode instability. (b) The end of second-mode
instability.

the unstable mode S, the stable mode F and the slow acoustic spectrum. The phase speed
result shown in the next section indicates that such synchronisation might occur at the
point where the normal modes intersect with the phase speed of ¢, =1 — (1/M) = 0.898.
Thus, the influence of this possible supersonic mode can manifest itself as an oscillatory
behaviour in the free stream, similar to the continuous modes. Thus, the bi-orthogonal
decomposition was performed with acoustic continuous modes with results shown in a
later section to further identify the source of free-stream behaviour.

A time history of the normalised total surface pressure perturbations at various
streamwise positions, before and at the second-mode dominant region along the cone,
is presented in figure 4. In the rest of the study, the streamwise coordinate s, defined as
the arclength of the cone surface, is used when the streamwise locations are referred to
for consistency with previous studies by He & Zhong (2021a, 2023). The magnitude of
the wavepacket sampled at s = 0.2547 m (s/R,, = 50.1) is relatively small compared with
the magnitude of the wavepacket at the second-mode dominant region as expected. This
upstream wave is also uncertain in wave shape and might contain a multitude of forcing
waves excited by the receptivity mechanism. At s =0.5829 m (s/R, = 114.8), which is
right after the branch I location of the unstable mode S, the second-mode instability
wavepacket starts to form. At this location, the uncertain forcing originated from the
receptivity is still present and had a greater magnitude than the second-mode instability
wavepacket. This forcing eventually decays as the packet propagates downstream to the
unstable second-mode region, where the more defined modal wavepacket of the second-
mode instability dominates. In addition, in the unstable region, a secondary wave packet is
also present at s = 1.0104 m (s/R, = 200) for the slow acoustic disturbance case. This
structure includes a clearly amplified second mode as well as a nonlinear interaction
represented by the valley between the two peaks. Previous work of Sivasubramanian &
Fasel (2014) has suggested that this nonlinear behaviour is a result of the generation of
higher and lower harmonics.

With the temporal disturbance data of the unsteady flow field depicted in figure 4, the
time series data at various streamwise locations are then transformed by using FFT to
obtain the spectral components for the bi-orthogonal decomposition. Utilising the FFT
perturbation data at a particular frequency, a projection onto the discrete and continuous
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Figure 4. Time history of normalised surface pressure perturbations at different locations along the
streamwise direction.

modes can be performed, enabling a comprehensive analysis of the flow field’s modal
composition.

4.2. Discrete mode F and S decomposition for receptivity

In this section, the spectral components of the unsteady DNS flow field are decomposed by
the discrete modes F and S. According to earlier LST results from Zou & Zhong (2024),
the unstable mode for this case is the discrete mode S, emerging from the slow acoustic
line. The current study will decompose the unsteady flow field with discrete modes F and
S to further validate this behaviour.

Previously in the works of Huang & Zhong (2014) and He & Zhong (2022), the
disturbance behaviour was only studied through the combination of LST and the unsteady
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Figure 5. Discrete mode F and S eigenfunctions with the decaying and shock boundary conditions at
s =0.5772 m (s /R = 113.6). Real part of (a) velocity, u,. (b) Pressure, p,. (¢c) Temperature, 6,.

DNS result, without decomposing the signal into boundary-layer modes. With the bi-
orthogonal decomposition, the unstable mode behaviour can be isolated in a mix of
uncertain forcing and modal wavepacket for further analysis. Prior to presenting the
discrete mode F and S projections on the unsteady DNS flow field, the discrete mode F
and S eigenfunctions should be presented. Figure 5 shows the eigenfunctions for discrete
modes F and S at the 200 kHz branch I location of s =0.5772 m (s/R = 113.6). Here,
y/L denotes the wall-normal coordinate normalised by the length from the wall to the
shock. From the eigenfunctions, the two discrete modes have perturbations that decay
around the wall-normal position of y/L = 0.1, which is the location of the boundary-layer
edge at this location. This decaying behaviour aligns with the general characteristic of a
discrete boundary-layer mode. Furthermore, the discrete mode S is manifested with one
peak inside the boundary layer as trapped acoustic waves, while mode F has multiple peaks
near the end of the boundary layer. This spatial structure is not fixed and can vary with
the streamwise location. Particularly for the results shown in figure 5, the phase speeds
of mode F and the entropy-layer mode, which we will discuss later, have intersected each
other and energy exchange may alter the mode shapes. In addition, the shock boundary
conditions from the work of Knisely & Zhong (2019a) were also implemented and no
significant effect was observed in the resulting eigenfunctions.

Subsequently, with the discrete modes obtained, the bi-orthogonal decomposition can
be performed by projecting the discrete-mode eigenfunctions to the spectral components
of the DNS flow field with (3.8). Figure 6 presents various unsteady DNS flow fields
and the corresponding discrete-mode projections along the streamwise direction. Overall,
the discrete-mode projections indicate that both discrete modes F and S contribute to the
disturbance inside the boundary layer upstream, while mode S becomes more dominant
travelling downstream. The disturbance of figure 6(a—c) also indicates the existence of a
high-amplitude entropy-layer perturbation, from about y/L = 0.09 to 0.2, near the branch
I region, visualised by a dominant peak residing in the entropy layer and extending into
the free stream beyond the boundary layer. According to Tumin (2007), the BES forms a
complete set of solutions in the boundary layer. However, the current DNS result beyond
the boundary layer also contains peaks attributed to the free-stream forcing from the shock
layer, depicted in figure 4, and a possible discrete entropy-layer mode observed by Wan
et al. (2020), which will be discussed in a later section. Figure 6(d—i) further suggest that
this perturbation in the entropy layer emerges closer to the wall and decays downstream as
a result of the entropy layer being swallowed by the boundary layer along the streamwise
direction. This observation aligns with previous findings in the work of Wan et al. (2020)
that the mode S instability could also be induced by an entropy-layer instability mode,
referred to as the discrete entropy-layer mode in a later section. Investigating further into
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Figure 6. Discrete mode F and S projections, CFAFr and CgAg, plotted against the unsteady DNS result at
various streamwise locations. (a) Velocity at s/R = 113.6. (b) Pressure at s/R = 113.6. (¢) Temperature at
s/R =113.6. (d) Velocity at s/R = 140.6. (e¢) Pressure at s/R = 140.6. (f) Temperature at s/R = 140.6. (g)
Velocity at s/R = 157.2. (h) Pressure at s/R = 157.2. (i) Temperature at s/R = 157.2. (j) Velocity at s/R =
175.5. (k) Pressure at s /R = 175.5. (I) Temperature at s /R = 175.5.

the source of such a disturbance, we found a discrete entropy-layer mode near the branch
I location in addition to the discrete modes F and S. This additional discrete entropy-
layer mode will be discussed in the next section. Eventually, in the second-mode dominant
region shown in figure 6(j—/), the decomposed result indicates that the DNS flow field
is composed solely of the discrete mode S, with the discrete mode F and entropy-layer
disturbance amplitudes being negligible. Note that the reconstructed signal has a slightly
higher amplitude than the FFT result due to parasitic errors of the numerical integration.
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Figure 7. Mode F and S amplitudes at various streamwise locations compared with e and DNS results.
(a) Modal amplitudes. (b) Mode S amplitudes at branch I.

To further validate the accuracy of the decomposition, the modal amplitudes of
the discrete-mode projections onto the unsteady DNS are also examined. Using the
bi-orthogonal eigenfunctions of the discrete modes, the orthogonality condition in (3.8)
is applied to obtain the modal coefficient for that particular mode. Subsequently, the
modal coefficient is multiplied by the DNS surface amplitude, |A|pys, to recover
the modal amplitude. The surface pressure amplitude of CsAy is plotted against both
the unsteady DNS and LST results in figure 7. Here C; is the modal coefficient
from the bi-orthogonal decomposition, used solely to only account for the mode S
amplitude and similarly for the other modes. In the figure, two e approaches are
included: the conventional e downstream predictions, |A|,~, using the decomposed
initial amplitude, and the backtracked amplitudes, |A|,~ (backtracked), using the method
of He & Zhong (2023). The initial amplitude from backtracking can be obtained as
|Aol = |A(s™, f)/eNC" )| where N=f;: —a;ds’, s* is a downstream second-mode
dominant location, and so refers to the branch I location. The branch I neutral stability
point is located at so =0.5772m (s/R = 113.6) for the 200 kHz spectral component.
The red dashed line represents the downstream amplitudes computed by the direct eV
method with the initial amplitude extracted by the decomposition. In comparison, the
blue dashed line presents the backtracked amplitudes from a second-mode dominant
location of s* = 1.0104 m (s/R = 200). Nevertheless, the black dots represent the surface
pressure amplitude obtained directly from the unsteady DNS. From the comparison, the
pure DNS result displays a much higher surface pressure amplitude than both the eV
and the decomposed amplitudes near the branch I location. This higher amplitude has
two possible causes: the presence of multiple prevalent modes other than mode S and
the non-modal excitation as a result of multimode interaction. From the decomposition
presented later, the superposition of the current discrete modes aligns closely with the
DNS profile but with possible non-modal discrepancies. Moreover, the entropy-layer
mode results in the following section also suggest a possible destabilising effect as the
entropy layer is swallowed. Subsequently, the modal amplitudes of three different discrete
modes, including mode F, mode S and the entropy-layer mode, are shown with solid lines.
The decomposed mode S amplitudes align relatively well with the two e" predictions
in the second-mode dominant region, up to the branch I location. The alignment of
the results suggests that only the initial amplitude is required to predict downstream
modal amplitudes. Moreover, the modal amplitude becomes more oscillatory during the
synchronisation between discrete modes, which occurs before the unstable mode branch
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Figure 8. Decomposed mode F and S (a) phase speed, ¢, and (b) normalised growth rates, —«;, compared
with DNS and LST results.

I location. This result is expected because the bi-orthogonality relation of (3.8) depends
on the quasi-parallel assumption and does not account for the non-parallel effects that
cause the synchronisation. While synchronisation between these modes can enhance
energy exchange and influence the amplification of instabilities, it is not the cause of the
second-mode instability itself according to previous literature by Fedorov & Tumin (2011).
Nevertheless, the current bi-orthogonal decomposition method is capable of recovering the
modal amplitude at the branch I location for receptivity analysis. Furthermore, the discrete
mode F amplitudes are also plotted to show the decreasing trend upstream, which broadly
aligns with the pure DNS result without oscillations. Moreover, the discrete mode F has
been identified as computationally challenging to resolve in the synchronisation region
from approximately s/R = 95 to 110, since modes F and S synchronise and the eigenpairs
resemble each other when the LST system is solved. A possible solution to resolve this
phenomenon can be the incorporation of weakly non-parallel terms in the formulation
suggested by Tumin (2011) as well as using the parabolised stability equations (PSE).
Since the focus of the current research is on the direct evaluation of receptivity data, the
LST assumption is sufficient to extract the unstable mode with the BES. In addition, a
newly discovered entropy-layer discrete mode has been identified in the synchronisation
region. The presence of this entropy-layer mode explains the higher DNS amplitudes in
this region. This mode contributes to the total disturbance and eventually also plays a role
in the second-mode instability, as discussed in a later section.

Moreover, the phase speed and growth rate for the discrete mode S are computed by
applying the modal amplitudes obtained from the decomposition. Figure 8 compares the
DNS phase speed and growth rate of He & Zhong (2022) with the results calculated from
the bi-orthogonal decomposition. Here, the growth rate is normalised by the reference
length as per previous studies by He & Zhong (2022) and Zou & Zhong (2024). Near the
branch I location, the DNS result of He and Zhong (2022) exhibits high oscillations due to
multimode effects. Applying the bi-orthogonal decomposition, the mode S amplitudes
can be extracted, and the oscillations of the resultant growth rate near the branch I
location are reduced. Note that near the branch I location, the numerical integration in
the decomposition is performed up to the boundary-layer edge for the discrete modes
to avoid additional numerical error. In addition, the phase speed and growth rates for
discrete mode F are also recovered with reduced oscillations prior to the synchronisation
region, where mode F is dominant. In the mode S dominant region, although with
larger oscillations than the dominant mode, the phase speed and the growth rate of the
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Figure 9. Modes F and S surface pressure amplitude normalised by the freestream pressure at various
streamwise locations compared with unsteady DNS results (log scale).

non-dominant mode F can also be calculated to reveal the overall trend. It is worth
noting that the non-dominant mode shows larger oscillations than the dominant mode.
This occurs because, in the region where mode S dominates, mode F’s amplitude is very
small. With small amplitudes, the influence of numerical error in the decomposition is
enlarged. Nevertheless, the resultant trend is broadly consistent with the LST result and
is not demonstrated from the DNS result alone. Furthermore, oscillations still persist
in the decomposed results towards the synchronisation region, due primarily to the
mathematical singularity that exists at the location where the phase speeds of modes F
and S match. However, at branch I, which is downstream of the synchronisation region,
the eigenfunctions and their corresponding adjoint modes remain distinct, allowing the
bi-orthogonal decomposition to resolve the modal contributions.

While the previous results focused on the 200 kHz decomposition, a broader frequency
spectrum must be analysed to capture the full disturbance behaviour. Although He &
Zhong (2021a) examined the broadband behaviour of the unsteady flow field, the
theoretical analysis of bi-orthogonal decomposition has not been incorporated. Figure 9
illustrates the combined surface pressure amplitude, dp, of the discrete modes F and S
across a 160 to 260 kHz band at various streamwise locations, normalised by the free-
stream pressure in log scale. In general, the surface pressure amplitude from the unsteady
DNS can be recovered with the combination of discrete modes S and F. Concurring with
the LST N-factor result shown in previous work by He (2022), the pressure amplitude
of the unstable-mode frequency band increases downstream while the unstable frequency
band shifts to lower frequencies. Nevertheless, it is important to acknowledge that free-
stream forcing and entropy-layer disturbances are also present in the flow. However, these
disturbances reside mainly beyond the boundary layer and have a minor impact on the
surface amplitude.

To highlight modal dominance at different frequencies, the individual modal surface
pressure amplitudes are plotted in figures 10 and 11. Each figure includes a linear scale plot
that focuses on the second-mode amplification and a zoomed plot that reveals additional
details before the unstable region for lower frequencies. From figure 10, the discrete
mode F is dominant before f = 180kHz for the cases from s =0.636 m (s/R = 125)
t0 0.799 m (s/R = 157). For locations s =0.844 m (s/R = 166) and s =0.891 m (s/R =
175), the second-mode regions begin before f = 175 kHz. For all locations, the transition
of modal dominance from mode F to mode S is suggested before the unstable region.
Notably, near the end of the unstable second-mode region, a mode F contribution remains
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Figure 10. Mode F normalised surface pressure amplitudes at various streamwise locations compared with
unsteady DNS results. (@) Mode F. (b) Mode F (zoomed).
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Figure 11. Mode S normalised surface pressure amplitudes at various streamwise locations compared with
unsteady DNS results. (@) Mode S. (b) Mode S (zoomed).

visible, indicating intermodal energy exchange consistent with the DNS result in the
streamwise direction from figure 8. Furthermore, figure 11 presents the decomposed
mode S amplitudes, and a clear dominance can be observed in the unstable frequency
band. The intermodal exchange between mode F and S is manifested from f =175 to
200 kHz for the selected streamwise locations. From both mode F and S results shown, the
physical insight from the decomposed result agrees with previous unsteady DNS findings
by He & Zhong (2022) that oscillations exist before and after the unstable region. The
current result also confirms that a discrete mode F contributes to a part of the DNS
oscillations.

Moreover, the spectral receptivity coefficient for each of the disturbances is calculated
from (3.10) using decomposed surface pressure perturbation data. Following (3.10), the
decomposed spectral disturbance data are normalised by the amplitude spectra of the
incident pulse. In previous work by He & Zhong (2022), the receptivity coefficient
obtained via the backtracking method was shown to be an indirect measure that exhibits
oscillations, suggesting free-stream forcing and multimode contributions. To address this
issue, we now calculate the receptivity coefficient directly from the decomposed mode S
amplitude at the branch I neutral stable location. In figure 12, the decomposed receptivity
coefficients are broadly in agreement with the DNS backtracking result but with

0A1-22



Journal of Fluid Mechanics

x1073
5 T

---------- ¢,o. — He & Zhong (2023)

—e— ¢, — Branch1

180 200 220 240 260
S (kHz)

Figure 12. Receptivity coefficients, c,., of discrete mode S plotted against results from He & Zhong (2023).

smaller oscillation amplitudes. Since the backtracking method scales the DNS amplitude
directly using the e" method from the second-mode region, the large oscillations in the
backtracking result stem from the DNS flow field that contains the free-stream forcing
penetrating the boundary layer. The bi-orthogonal decomposition is shown to reduce
such an influence. Although the decomposed amplitudes at branch I exceed those of
the backtracking method in the most amplified frequency band, the overall trend of
the receptivity coefficients aligns with the previous result from He (2022), increasing
toward the peak near 235 kHz. He & Zhong (2023) further suggested that intermodal
interactions in the backtracking approach lower the receptivity coefficient, contributing to
their prediction of subsequent downstream transition location compared with experiments.
In contrast, the bi-orthogonal decomposition appears to exclude these intermodal effects,
yielding higher amplitudes. These increased receptivity coefficients, in theory, would yield
an earlier transition location. Hence, an important future step will be the application of
such coefficients into the amplitude method to validate the predicted transition location.
The expansion of a broader frequency range would also be considered to completely
capture the receptivity spectrum.

4.3. Flow-field recovery with higher discrete and continuous modes

4.3.1. Discrete entropy-layer mode

In addition to the analysis of discrete modes F and S, the flow physics near the branch
I location is less understood due to the lack of a multimode decomposition. In these
synchronisation regions, various discrete and continuous normal modes interact and
participate in intermodal energy exchanges. Specifically, existing literature including
Fedorov (2003) and He & Zhong (2022) attributed the synchronisation between the
discrete modes F and S to giving rise to the second-mode instability. However, a recent
study by Wan et al. (2020) suggests the possibility of second-mode excitation due to the
entropy-layer instabilities. Thus, the bi-orthogonal decomposition of the unsteady flow
field with three discrete modes — F, S and entropy-layer mode — is performed with the goal
to better understand the modal contributions.

In addition to the discrete modes F and S, an entropy-layer mode has been identified
near the synchronisation region. The phase speed and growth rate of this discrete entropy-
layer mode are plotted over streamwise locations in figure 13. A grid convergence study
was also performed with N =300 and N =400 points. The two results aligned well with
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Figure 13. (a) Phase speed and () growth rate of the entropy-layer mode (E) merges into the continuous
spectra, plotted against discrete modes F and S.
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Figure 14. Real and imaginary parts of the entropy-layer mode eigenfunction at 200 kHz at the branch I
location (s/R = 113.6). (a) Velocity. (b) Pressure. (¢) Temperature.

small discrepancies on the upstream growth rate since the growth rate is normalised by the
reference length that amplified the difference. From the phase speed plot, a discrete mode
independent of modes F and S exists near the synchronisation region. This mode emerges
upstream between the two conventional discrete modes and approaches the phase speed of
an entropy/vorticity mode (¢, = 1). Similarly, the growth rate shows a trend approaching
a neutral wave similar to the vorticity and entropy continuous modes. Although such an
entropy-layer mode has been shown to exist before synchronisation of discrete modes F and
S in previous studies by Chen ef al. (2021) and Wan et al. (2023), the current numerical
method is capable of resolving the entropy-layer mode downstream into the continuous
entropy/vorticity spectra, indicating the possibility of coexistence. This behaviour also
aligns with previous LST results in the work of He (2022) suggesting that reduced
bluntness would lead to an earlier second-mode amplification due to a thinner entropy
layer. From a modal perspective, as the entropy layer merges into the boundary layer, the
discrete mode F experiences a reduction in phase speed. This shift facilitates phase speed
alignment with entropy-layer modes, enabling energy exchange between the entropy- and
boundary-layer modes. Such synchronisation can enhance intermodal coupling and may
further promote the destabilisation of the second mode.

Subsequently, figure 14 presents the eigenfunctions of the discrete entropy-layer mode
at 200 kHz at the branch I location of the unstable second mode. From the eigenfunction,
the discrete entropy-layer mode demonstrates an extended perturbation into the entropy
layer around y/L =0.15 with magnitudes larger than those inside the boundary layer.
Furthermore, this discrete mode also aligns with the behaviour of a discrete mode,
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Figure 15. Streamwise velocity component of the reconstructed signal over various streamwise locations
plotted against the 200 kHz unsteady FFT flow field. (a) s/R =113.6, (b) s/R=125.2, (c¢) s/R =140.6,
(d)s/R=113.6, (e) s/R =125.2, (f) s/R = 140.6.

in which the perturbation decays in the free stream after the peaks in the entropy layer.
Moreover, the magnitude of the discrete entropy-layer mode is relatively large compared
with the unsteady DNS perturbation at the same location shown in figure 6(a). Thus, a
small contribution of this entropy-layer mode would have a large effect on the unsteady
flow field. Furthermore, the large amplitude of the entropy-layer mode might trigger non-
modal responses in the flow field as the entropy layer is swallowed (Wan et al. 2023).
This non-modal effect may manifest as discrepancies between the current DNS result and
the reconstructed modal signal and can be further captured by the input—output analysis
conducted by Cook & Nichols (2022, 2024).

The inclusion of this entropy-layer mode in the bi-orthogonal decomposition over
various streamwise locations from the branch I location of the unstable mode is also
performed. With the discrete modes F, S and the entropy-layer mode, figure 15 presents the
decomposed result of the unsteady flow field near the synchronisation region at 200 kHz.
Both the modal amplitudes and the combined signal to reconstruct the DNS flow field are
shown. From the modal amplitudes, both mode F and mode S can be observed inside the
boundary layer while the discrete entropy-layer mode contribution, Cg Ag, is responsible
for the second peak of the unsteady DNS flow field. The observation aligns with previous
finding that both the discrete mode S and the entropy-layer mode are present near the
branch I location of the unstable mode. Similar to Wan et al. (2023), the LST assumption
in the formulation would cause a discrepancy between the modal amplitude and the DNS
flow field. The PSE can be implemented to better account for the non-parallel effect, such
that the amplitude peaks are more aligned Wan et al. (2023). In addition, non-modal effects
discussed by Cook et al. (2018), Nichols & Candler (2019) and Kumar et al. (2025) could
also contribute to oscillations in the unsteady DNS. However, direct comparisons between
the input—output modes and the wall-normal DNS profile have not been presented in the
literature. The existence of the broadband free-stream forcing should also be noted for
a possible source of the amplitude mismatch beyond the entropy layer into the shock
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Figure 16. Eigenfunction of the entropy-layer mode at 200 kHz for a cone with 9.525 mm nose radius
bluntness. (a) Velocity. (b) Pressure. (c) Temperature.
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Figure 17. (a) Phase speed and (b) growth rate of the entropy-layer mode merges into the continuous spectra,
plotted against discrete modes F and S for a nose radius of 9.525 mm bluntness.

layer. Further investigation downstream at s/R = 140.6 also indicates that the entropy-
layer disturbance decays as the entropy layer is swallowed, and the unstable boundary-layer
mode is dominant. This finding can also be interpreted as an energy transfer between the
entropy-layer mode and the unstable mode S when the entropy layer is swallowed. Beyond
the second peak of the DNS flow field, wave structures demonstrate the existence of
continuous modes and non-modal free-stream forcing that require additional investigation.

To further assess the robustness and physical relevance of the entropy-layer mode, linear
stability analysis was repeated for a blunter nose configuration with an increased nose
radius of 9.525 mm. The mean flow conditions are similar to the previous case with a Mach
number M = 9.79, and a stagnation enthalpy of 1.07. For the detailed flow conditions, one
can refer to the work of He & Zhong (2021a). The entropy-layer mode was successfully
recovered in the blunter case, exhibiting similar structural features but with enhanced
amplitude near the boundary-layer edge and deeper spatial penetration. Figure 16 plots
the eigenfunctions of the discrete modes at the same dimensional streamwise location
of s =0.5772 m. Interestingly, while the entropy layer is broader in the blunter case,
the entropy-layer mode exhibits a more confined wall-normal structure, with its energy
concentrated closer to the boundary-layer edge. Notably, the mode also displays a higher
amplitude relative to the baseline case. This suggests stronger trapping and sharper
thermodynamic gradients, which may enhance the local energy density and strengthen
the mode’s interaction with boundary-layer modes.

In addition, to validate the entropy-layer mode with prior literature, the phase speed and
growth rate of the entropy-layer mode at the frequency of 150 kHz are plotted. Figure 17
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plots the phase speed and growth rate of the entropy-layer mode at 150 kHz, showing
the mode that approaches the continuous spectra compared with the discrete-mode LST
results reported by He & Zhong (2021a). From the phase-speed plot, the entropy-layer
mode meets the discrete mode F at a more upstream location than the 200 kHz case. This
is expected since the frequency is reduced. Nevertheless, these trends confirm the existence
of the entropy-layer mode and suggest possible synchronisation with the boundary-layer
modes. Future work applying bi-orthogonal decomposition to unsteady DNS data for the
blunter nose configuration will help provide additional physical insight into the entropy-
layer mode’s role and its contribution to receptivity.

5. Summary and conclusions

The primary goal of this study was established as directly obtaining receptivity coefficients
at the branch I location to enhance the accuracy of the current state-of-the-art amplitude
transition-prediction method for realistic systems in atmospheric flight conditions. The
previous e" backtracking method to compute receptivity coefficients requires conducting
DNS beyond the branch I location and inherits the oscillating behaviour attributed to the
free-stream forcing. To overcome the current limitation of the lack of accurate receptivity
data, a bi-orthogonal decomposition of unsteady DNS receptivity flow field data obtained
by He & Zhong (2022) was successfully performed. Using this decomposition, the
receptivity data of a hypersonic flow over a blunt cone were extracted from the branch
I location. The multimodal analysis for a hypersonic flow over a cone poses unique
challenges, particularly regarding flow field reconstruction, due to weakly non-parallel
effects and entropy-layer swallowing phenomena. Previous studies of Miselis et al. (2016),
Saikia et al. (2022) and Wan et al. (2023) have addressed only specific aspects of
this broader problem. In contrast, current research involves using the high-order finite
difference method to systematically compute discrete and continuous modes, including
an entropy-layer discrete mode, and applying the orthogonality relation to Fourier-
transformed flow field data at a specified frequency. By projecting the perturbation
variables onto the bi-orthogonal eigenfunctions, the modal perturbation amplitudes are
extracted, enabling a clear separation of the different flow modes.

Remarkably, from the preliminary results of the mode S decomposition along the
streamwise direction, an overall trend in the discrete mode S amplitude is observed
that is in good agreement with previous results starting from the branch I location.
From the phase speed and growth rate comparisons, the bi-orthogonal decomposition
yields results with reduced oscillations near the branch I neutral location relative to
earlier DNS studies by He & Zhong (2021a, 2022 and 2023). These dominant mode
trends also show better consistency with the LST predictions. Moreover, the general non-
dominant mode characteristics can also be isolated from the DNS. Subsequently, the
study computes the discrete mode S receptivity coefficients for a band of frequencies.
These coefficients not only align with trends from previous studies, but also exhibit a
reduction in oscillation due to free-stream forcing. This is a promising result, indicating
that the bi-orthogonal decomposition can enhance the robustness of receptivity coefficient
calculations. Further extending the analysis to various types of free-stream disturbances
within the amplitude method would be critical for gaining insight and better explaining
experimental phenomena.

Furthermore, the decomposed results at a downstream location are aligned with the
observation that the discrete mode S is dominant, while the decomposition of the flow field
near the branch I neutral location indicates multimode contributions with perturbations in
the entropy layer. In addition, near the synchronisation region, the existence of a discrete
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entropy-layer mode is demonstrated. This mode is obtained with the very high-order finite
difference scheme proposed by Zou & Zhong (2023). Although such an entropy-layer
mode has been shown to exist before the emergence of discrete mode S in a previous study
by Wan et al. (2023), the current result indicates that the disturbance of the entropy-layer
mode coexists with the unstable mode. Near the branch I location, the entropy-layer
perturbation attributed to this mode is larger in magnitude than the unstable mode S. As
the entropy layer is swallowed, the entropy-layer mode decays as the unstable second mode
develops. It is suspected that the entropy-layer mode, in addition to the synchronisation of
modes F and S, may contribute to the destabilisation of the unstable second mode. Further
investigation of the disturbance energy with methods such as the input—output analysis
would be a next step in analysing the non-modal interaction between the entropy-layer
mode and the unstable second mode. Moreover, the role of this entropy-layer mode can
be investigated further for various flow scenarios such as supercritical flow and non-ideal
fluids where the unstable mode differs from Mack’s second mode, suggested by Ren,
Marxen & Pecnik (2019). In addition, since the branch I neutral stable location is relatively
downstream from the start location of the discrete modes, the process of how fast and slow
acoustic waves transform into discrete modes are not focused on in this study. Thus, the
decomposition using continuous spectra is not presented. Such continuous modes may
have a more significant contribution to the flow field upstream, near the leading-edge
region.

This paper presents a combined methodology in theoretical and computational analysis
in an attempt to gain deeper physical insight into the development of second-mode
instability in hypersonic boundary-layer flows over a blunt body through direct modal
analysis. Specifically, it is the first time that the bi-orthogonal eigenfunction decomposition
method, incorporating both boundary-layer and entropy-layer modes, has been applied
directly at the branch I location for hypersonic boundary-layer flows over a blunt cone.
This approach limits the effect of the inherited forcing oscillations on the receptivity
coefficients, and reduces the need for conducting DNS beyond the branch I location.
Overall, current validation confirms the decomposition’s reliability, aligning closely
with previous theoretical and numerical predictions. As the amplitude method described
by Mack (1977) critically depends on accurately determining the initial disturbance
amplitude, the receptivity coefficient derived from the modal decomposition of the initial
perturbation is anticipated to significantly enhance the accuracy of laminar-to-turbulent
transition predictions. Consequently, the immediate future application of this research
will involve integrating these receptivity results into Mack’s amplitude method to more
precisely predict boundary-layer transition.
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Appendix A. The matrix elements

The matrix elements of H in (2.12) are presented here. Similar to Tumin (2007) and
Miselis et al. (2016), we define r =2(e + 2)/3 and m = 2(e — 1)/3 where € is the ratio
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of bulk viscosity to dynamic viscosity and equals to O following Stoke’s hypothesis.

For entries not specified, the coefficients are equal to zero. We first define
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