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boundary-layeredge is still slightly freestreamdependent, the level
of eddy viscosity and therefore also the skin-friction coef� cient are
not. Furthermore, the velocity distribution is consistent with the
law-of-the-wall solution.

As a second test case, the RAE2822 airfoil is considered (in par-
ticular, case 9 of Ref. 11). Figure 2 compares the pressure and skin-
friction distributions of the different models to the experimental
results. For the two Wilcox variants the shock is located slightly
aft compared to the Cebeci–Smith model and the new k– x variant.
Similarly as for the � at plate, theTNT k– x variantgives lower levels
of the skin friction than the two Wilcox variants, and in this case
closer to the Cebeci–Smith model and to the experimental values.
Most likely, the more aft shock position and the higher skin friction
for the two Wilcox variants are a result of higher eddy-viscosity
levels (as were seen for the � at plate). This again may be a conse-
quence of the values of x at the boundary-layeredge being too low.
For the TNT k– x variant the absence of freestream dependency is
shown for the skin-friction coef� cient.

IV. Conclusions
The theoretical analysis of TNT interfaces presented in this Note

has resulted in a set of constraints that the diffusion coef� cients of
the k– x model (includingthe cross-diffusionterm) should satisfy to
resolve the freestream dependency for a model problem. A new set
of diffusioncoef� cientshasbeen chosen that satis� es this set of con-
straints.Furthermore, theseTNT coef� cients allow the correct near-
wall solution for a constant-pressureboundary layer without the in-
troductionof any blendingfunctionsor near-wallmodi� cations, i.e.,
without introducing the wall distance.Computations for a � at-plate
constant-pressureboundary layer and for a two-dimensionalairfoil
have demonstrated the effective elimination of the freestream de-
pendencyat low freestreameddy-viscositylevels,whilemaintaining
the correct near-wall solution.
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Introduction

L OW-REYNOLDS-NUMBER aerodynamics, in the range of
Re =5 £ 104–1 £ 106, is important for a variety of aircraft,

rangingfromsailplanesandhuman-poweredaircraftto high-altitude
unmanned aerial vehicles.1,2 There has been considerable research,
both experimental3 ¡ 5 and computational,6 ¡ 8 on low-Reynolds-
number � ows over airfoils.

The � ow� eld in low-Reynolds-number� ows over airfoils is char-
acterizedby the presenceof separationbubbles,which have a strong
in� uence on the perfomance of the airfoils. The experimental in-
vestigations have also considered the unsteady features of low-
Reynolds-number � ows over airfoils. Leblanc et al.3 showed that
the peak frequencies measured in the velocity spectra for the insta-
bility region match the most ampli� ed wave-number and frequency
scaling calculatedby linear stability theory. The linear evolution of
disturbances in the separationbubble was also observed by Dovgal
et al.4 They also detailed the nonlinear interactions of the distur-
bances and the path to transition.

Low-Reynolds-number separation bubbles include � ows in both
the subsonic and transonicMach-number regimes. Drela and Giles6

and Drela8 used a viscous-inviscidapproach to calculate transonic
low-Reynolds-number� ows. The simulationsused an Euler formu-
lation coupled with an integral boundary-layer formulation, with
a transition prediction formulation of en type. Their calculations
show the strong in� uence of separationbubbleson the performance
of the airfoils. Lin and Pauley7 used an unsteady, incompressible
Navier–Stokes approach to compute low-Reynolds-number � ows.
Their results show the unsteady nature of the separationbubble and
the associated periodic vortex shedding. The dominant frequency
was shown to be in agreement with the most ampli� ed frequency
from the linear stability analysis, of a mixing layer corresponding
to the separated boundary layer.

The present study considers numerical simulation and analysis
of low-Reynolds-numbercompressible� ows over airfoils to under-
stand the physics of the separated � ows. A detailed linear stability
analysis of the separated � ow is performed to explain the unsteady
nature of the � ow. Numerical results show an unsteady vortex shed-
ding process, which is shown through a linear stability analysis to
correspond to the instability of the separated boundary layer. The
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results con� rm the linear evolution of disturbances in the separated
region. Computations over the Eppler 387 airfoil and the APEX
airfoil are the two cases considered. The APEX airfoil was de-
signed at NASA Dryden Flight Research Center for the planned
high-altitude � ight tests.2 The airfoil has been designed, using a
low-Reynolds-numberdesigncode,8 to operate in the transoniclow-
Reynolds-numberregime. The computationsare performed using a
time-accuratelaminarNavier–Stokes solver.In thecomputationsthe
equations are transformed from the Cartesian coordinates (x , y, t )
into the curvilinear computational coordinates (n , g , s ). The � ows
over the airfoil are computed using a C grid generated using an
elliptic grid generator. An implicit second-order � nite volume line
Gauss–Seidel iteration method9 is used for the computations. The
inviscid terms are computed using the � ux-splitting method, and
central differencing is used for the viscous terms. The computation
involves calculations that are implicit in the g (normal) direction,
whereas the n (streamwise) direction terms are computed by a line
Gauss–Seidel iterationwith alternating sweeps in the backward and
forward n directions. The computations are � rst-order accurate in
time, with the time step being small enough to resolve the time de-
pendence of the solution. The details of the numerical method and
its validation are given in our earlier paper.10

Results
The time-accurate Navier–Stokes solver is used to calculate un-

steady separated low-Reynolds-number � ows over the Eppler 387
airfoil and the APEX airfoil. The results for the Eppler 387 airfoil
are comparedwith existingexperimentaland computationalresults.
A linear stability analysis is performed for the separated boundary
layer in both the cases, and the results are compared with the nu-
merical observations.

Eppler 387 Airfoil
Low-Reynolds-number � ow over the Eppler 387 airfoil is calcu-

lated for the following � ow conditions: Re1 =1 £ 105 , a =1 deg,
and M 1 =0.2 using a 314 £ 114 grid. The � ow� eld in the sep-
arated region is found to be unsteady with vortex shedding. The
time-averagedresults for this case were in good agreementwith ex-
perimental results. The detailed comparisonswere presented in our
earlier paper.10

The time-accuratenumericalsolution shows the unsteadysepara-
tion of the � ow� eld and the resulting periodic vortex shedding.The
vortex shedding process, seen in the unsteady numerical solutions,
is visualizedin Fig. 1 by using six instantaneous� ow� eld streamline

a)

b)

c)

d)

e)

f)

Fig. 1 Flow� eld streamline plots in sequence of time, corresponding
to one time period, showing the vortex shedding process. Flow over the
Eppler 387 airfoil at M1 = 0:2, Re 1 = 1 £ £ 105, and ® = 1 deg.

Fig. 2a Variation of the frequency with wave numbers. Results ob-
tained from the linear stability analysis [®¤ = ®± ¤ and ! ¤

R = !R(± ¤ /
U 1 )].

Fig. 2b Variation of the growth rates with wave numbers. Results ob-
tainedfrom the linearstabilityanalysis[®¤ = ®± ¤ and ! ¤

I = !I(± ¤ /U 1 )].
Flow over the Eppler 387 airfoil at M = 0:2, Re 1 = 1 £ £ 105 , and ® =
1 deg.

plots in sequence,correspondingto one time period.The streamline
plots from the numerical results also show that the � ow in the sepa-
rated region has a dominant wave number. The instabilities,associ-
ated with the separated boundary layer, are analyzed using a linear
stability analysis, and the results are compared with numerical re-
sults. The time-averagedboundary-layerpro� le is used as the mean
velocitypro� le. The analysisshows that the boundary layer is unsta-
ble for a range of wave numbers. The frequencies and growth rates
corresponding to the various wave numbers are plotted in Figs. 2a
and 2b. The maximum growth rate occurs at a ¤ =0.1, where a ¤ is
the nondimensionalwave number. The wave number is nondimen-
sionalized as a ¤ = a d ¤ , where d ¤ =x/ (

p
Rex), Rex = q 1 U 1 x / l 1 .

The numerical results are expected to correspond to the most un-
stable wave number. The instantaneous pressure coef� cient distri-
bution obtained from the numerical solutions is used to calculate
the dominant wave number in the numerical results. The nondimen-
sional wave number is found to be 0.098, which is within 2% of the
value calculated from linear stability theory. Figure 3a shows the
frequency spectrum of the unsteady solution at various locationson
the surface of the airfoil. For the locations in the separationbubble,
the dominant frequency is x ¤ = 0.039. This is within 6.5% of the
frequency predicted by linear stability theory.

The numerical results also show the generation of subharmonic
waves, as shown in Fig. 3a. Figure 3a also shows the subsequent



AIAA JOURNAL, VOL. 38, NO. 7: TECHNICAL NOTES 1297

Fig. 3a Frequency spectrum of the pressure disturbance at various
locations on the upper surface of the airfoil. Flow over the Eppler 387
airfoil at M 1 = 0:2, Re 1 = 1 £ £ 105 , and ® = 1 deg.

Fig. 3b Growth of disturbance waves along the upper surface of the
airfoil. Flow over the Eppler 387 airfoil at M1 = 0:2, Re 1 = 1 £ £ 105,
and ® = 1 deg.

interaction of two-dimensional fundamental and subharmonic
waves. This is expected to lead to nonlinear and three-dimentional
effects and, subsequently, transition. This is also illustrated in Fig.
3b,which shows the growthof the differentdisturbancewaves along
the surface. Initially, the presenceof a dominant frequencyis clearly
seen.Furtheralongthe surfacethe subharmonicwavebeginsto grow
and interactwith the fundamentalwave. These numerical results are
also consistent with the experimental observations of interactions
within the separation bubble by Dovgal et al.4 Their observations
show the initial linearevolutionof disturbances,followedby nonlin-
ear interactionof the disturbancewaves, leading to transition.In the
nonlinear interaction region three-dimensionaleffects are expected
to be important, and a localized three-dimensionalcalculation will
be required to resolve the � ow� eld.

APEX Airfoil
The � ow over the APEX airfoil was calculated for the following

freestream conditions: a = 4 deg, M 1 = 0.5, and Re1 = 2 £ 105.
A 300 £ 58 grid was used for the computations.The numerical sim-
ulations reveal an unsteady vortex shedding process similar to the
Eppler 387 case. A linear stability analysis shows that the separated
boundary layer is unstable for a range of wave numbers.The growth
rates and frequencies are plotted in Figs. 4a and 4b. The most un-
stable nondimensionalwave number from linear stability theory is

Fig. 4a Variation of the growth rates with wave numbers. Results ob-
tainedfrom the linearstabilityanalysis[®¤ = ®± ¤ and ! ¤

I = !I(± ¤ /U 1 )].

Fig. 4b Variation of the frequency with wave numbers. Results ob-
tained from the linear stability analysis [®¤ = ®± ¤ and ! ¤

R =!R(± ¤ /
U 1 )]. Flow over the APEX airfoil at M 1 = 0:5, Re1 = 2 £ £ 105, and
® = 4 deg.

found to be 0.16. The numerical value for the same is 0.147, which
is within 8.5% of the expected value.

Conclusion
Unsteady low-Reynolds-number � ows over the Eppler 387 and

APEX airfoils have been numerically simulated. Both the studies
show the unsteady nature of the separated � ow with periodicvortex
shedding. The vortex shedding seen in numerical results is found
to be caused by the instability of the separated boundary layer. The
numerical solution shows the linear evolutionof disturbances in the
laminar part of the separation bubble. The dominant frequencyand
wave number seen in the numerical simulations are found to be
in agreement with the most unstable wave number and frequency
calculatedusing linear stability theory.The numericalsolutionsalso
show that beyond a certain location in the separation bubble there
is generationof subharmonicswaves and, subsequently, interaction
between the fundamental and subharmonic waves. Hence, three-
dimensional and nonlinear effects may become important. Further
computations are required to ascertain these effects.
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Introduction

T HE signi� cance of the linear eddy viscosity k–² model is di-
minishingdue to the de� ciency that it cannotaccuratelypredict

nonequilibrium � ows such as � ows with separation and reattach-
ment. The reasoning is most likely to be attributed to the overesti-
mation of k. However, the inclusion of a cross-diffusionterm in the
² equation may improve the predictioncapability of the k–² model,
as is experienced by Yoon and Chung1 for a compression ram � ow.

An extension ascribed to the low-Reynolds-number k–²̃ model
of Chien2 is proposed herein. Essential modi� cations made in the
original Chien (OCH) model include the introductionof the Taylor
microscale in the eddy viscosity damping function f l and the addi-
tional cross-diffusionterms in the k and ²̃ equations,which provoke
the level of energy dissipation in nonequilibrium� ow regions. The
y+ dependenceof thedampingfunctionassociatedwith the term that
yieldsa quadraticgrowthof ²̃ with the wall distanceis eliminatedby
Ry =

p
(k)y / m . The function multiplying the constant C²2 , which

takes the free turbulence into account, is dropped out. Furthermore,
the wall singularity is removed by using a physically appropriate
timescale that never falls below the Kolmogorov timescale

p
( m / ²).
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In essence, comparisons of the model predictions with the experi-
mental and direct numericalsimulation(DNS) data for well-studied
� ows demonstrate that the modi� ed Chien (MCH) model induces a
signi� cant improvement over the OCH model.

MCH Model
The proposed model determines the turbulence kinetic energy k

and its dissipation rate ²̃ by the following transport equations:

@q k

@t
+

@q U j k

@x j
=

@

@x j

³³
l +

l T

r k

´
@k

@x j

´
+ q P ¡ q ² + Ek (1)

@q ²̃

@t
+

@q U j ²̃

@x j
=

@

@x j

³³
l +

l T

r ²

´
@²̃

@x j

´

+
¡
C²1 q P ¡ C²2 q ²̃ ¡ q De ¡ (Ry /80)2 ¢ ê Tt + E² (2)

where ² = ²̃ + D and the turbulent production term P =
¡ u i u j (@u i / @x j ). The eddy viscosity and other variables are evalu-
ated as

l T = C l f l q kTt , Tt = max
¡
k / ²̃, CT

p
m /²

¢

D = 2m k ê y2
n , Ry =

p
kyn / m (3)

where yn is the normal distance from the wall and m represents the
kinematic viscosity. The turbulence timescale Tt prevents the sin-
gularity at yn =0 in the dissipation equation. The associated con-
stants are C l =0.09, C²1 =1.44, C²2 =1.92, CT =

p
2, r k =1.0,

and r ² =1.3.
The near-wall damping function f l is taken to be a function of

R k , de� ned by

f l = 1 ¡ exp
¡
¡ 0.01R k ¡ 0.0068R3

k

¢

R k = yn ê
p

m k / ²̃ = yn ê
p

m Tt (4)

where
p

( m Tt ) is the Taylormicroscale.By an analysisof the distinct
effects of low Reynolds number and wall proximity, a similar type
of eddy viscositydamping function is proposedby Hwang and Lin3

in their k– ²̃ model. The use of R k confronts the singularityat neither
the separating nor the reattaching point, in contrast to the adoption
of y + =u s y / m , where u s is the friction velocity. Consequently, the
model is applicable to separated and reattaching � ows. In principle,
Eq. (4)con� rms that theTaylormicroscalecanbeusedas an estimate
of the near-wall turbulence resolution, physically required to damp
out the eddy viscosity.

The extra quantities Ek and E² in Eqs. (1) and (2) originate from
the most extensive turbulent diffusion models for k and ² equa-
tions derived by Yoshizawa4 with the two-scale direct-interaction
approachusing the inertial-rangesimpli� cation.In thepresentwork,
a truncated version is utilized that may be provided with

Ek = CkC l
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³
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@²̃
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³
k
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where Ck and C² are readjustablemodel constants.Actually, Eq. (5)
signi� es the cross-diffusioneffects from ²̃ and k in the k and ²̃ equa-
tions, respectively.The existence of the cross-diffusioneffect from
the statisticalviewpoint is also pointedout by Leslie.5 Nevertheless,
the contrivanceherein is to model Eq. (5) so that optimal results are
achievable compared with DNS and experimental data. To receive
positive bene� ts from the numerical reliability and to integrate the
condition of inertial-range simpli� cation directly to the solid wall,
the cross-diffusionterms are designed as


