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Abstract

Low-Reynolds-number flows over airfoils are charac-
terized by the presence of separation bubbles. The sep-
aration bubbles are often unsteady and have a signifi-
cant impact on the overall flowfield. This paper numeri-
cally simulates unsteady two dimensional low-Reynolds-
number flows over airfoils and analyzes the instabili-
ties associated with the separated flowfield. Unsteady
laminar calculations of low-Reynolds-number flows over
airfoils are performed using a Navier-Stokes solver.
Laminar-turbulent calculations are also done for com-
parison. The studies show that separated flow is unsta-
ble and results in periodic vortex shedding. The time-
averaged lift and drag coefficients are compared with the
experimental values, and are in good agreement with
the experimental results. Comparison with the results
of a linear stability analysis, of the separated bound-
ary layer, shows that the wavenumber and frequency in
the numerical simulations agrees with the most unsta-
ble wavenumber and frequency from the linear stability
analysis. Hence, the vortex shedding is linked to the
Tollmien Schlichting instability wave of the separated
boundary layer. An analysis of the numerical solutions
also shows the interaction and growth of subharmonic
waves, a possible path to transition.

INTRODUCTION

Low-Reynolds-number (in the range of Re = 5 x 104

to 1 x 106) aerodynamics is important for a vari-
ety of aircrafts, ranging from sailplanes and human-
powered aircrafts to high altitude unmanned aerial vehi-
cles (UAV's) I1'2]. There has been considerable research,
both experimental '•3~8-' and computational 19~13\ on
low-Reynolds-number flows over airfoils. The current
research is motivated by the planned flight tests, at
NASA Dryden Flight Research Center, which will use
the APEX high altitude aircraft to collect aerodynamic
data in the transonic low-Reynolds-number flow regime
[2]

In low-Reynolds-number flows, the flowfield is
strongly influenced by the the presence of laminar-
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turbulent separation bubbles. Figure 1 shows a
schematic of the structure of a separation bubble. The
flow is laminar when the separation occurs due to the
adverse pressure gradient. The separated boundary
layer is unstable and rapidly undergoes transition. The
turbulent flow reattaches, and the region between the
separation point and the reattachment point is called
the separation bubble. These bubbles are often un-
steady and have significant effects on the overall flow-
field.

Extensive experimental studies have been conducted
1.3-5,8]^ |_o evaiuaje t^ performance of airfoils in sub-

sonic low-Reynolds-number flows, and they have shown
the strong influence of the separation bubbles on the
overall flowfield. The experimental investigations have
also revealed the presence of dominant instability waves
which amplify in accordance with the linear stability
theory. Leblanc, Blackwelder, and Liebeck '6' showed
that the peak frequencies measured in the velocity spec-
tra for the instability region match the most amplified
wavenumber and frequency scaling calculated by linear
stability theory. Dovgal, Kozlov, and Michalke ^7' in-
vestigated the linear instability and the nonlinear wave
interactions in the separated regions. Their results also
show the linear evolution of disturbances in the sepa-
ration bubble. They also discussed the interactions of
the nonlinear disturbances and the path to transition.
A schematic of the various stages of transition is shown
in Fig. 2.

Low-Reynolds-number separation bubbles include
flows in both the subsonic and transonic Mach number
regimes. Drela and Giles <-14* used a viscous-inviscid
approach to calculate transonic low-Reynolds-number
flows. The simulations used an Euler formulation cou-
pled with an integral boundary layer formulation, with a
transition prediction formulation of en type. Their cal-
culations show the strong influence of separation bub-
bles on the performance of the airfoils. Lin and Pauley
I ^ used an unsteady, incompressible Navier-Stokes ap-

proach to compute low-Reynolds-number flows. Their
results show the unsteady nature of the separation bub-
ble and the associated periodic vortex shedding. The
dominant frequency was shown to be in agreement with
the most amplified frequency from the linear stability
analysis of a mixing layer corresponding to the sepa-
rated boundary layer.

The present study considers numerical simulation and
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analysis of low-Reynolds-number compressible flows
over airfoils. A detailed linear stability analysis of the
separated flow is performed to explain the unsteady na-
ture of the flow. Numerical results show an unsteady
vortex shedding process, which is shown through a lin-
ear stability analysis to correspond to the instability of
the separated boundary layer. The results confirm the
linear evolution of disturbances in the separated region.
Computations over the Eppler 387 airfoil and the APEX
airfoil are the two cases considered. The APEX airfoil
was designed at NASA Dryden for the planned high al-
titude flight tests 12\ The airfoil has been designed,
using a low-Reynolds-number design code "• ' to oper-
ate in the transonic low-Reynolds-number regime. For
the flow over the Eppler 387 airfoil the time-averaged re-
sults are compared with the experimental data ™ and
existing numerical results '-13-'. The results from the
computations for the APEX airfoil are also presented.
The computations are performed using both the laminar
Navier-Stokes equations and the Favre averaged Navier-
Stokes equations. For the laminar-turbulent calcula-
tions, the transition location is fixed and the Baldwin-
Lomax algebraic eddy-viscosity model is used for tur-
bulence modeling. A second order implicit Gauss-Seidel
method is used for the calculations.

MATHEMATICAL FORMULATION

Governing Equations

The mass, momentum and energy conservation equa-
tions for compressible flows in two dimensions are as
follows:

where
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where <7jj represents the shear stresses and qi, q% are
the heat conduction fluxes. The equation of state is as
follows:

= (7 - (5)

The viscosity coefficient is calculated using the Suther-
land's law. The Prandtl number(Pr) is taken to be 0.7,

and the ratio specific heats (7) is taken as 1.4. No slip
boundary conditions are imposed on the wall.

Turbulence Modeling

The majority of the results presented in this paper
are from laminar computations. In addition laminar-
turbulent calculations are also performed for compar-
ison. For simplicity the two layer algebraic eddy vis-
cosity model developed by Baldwin and Lomax *-15' has
been used for the turbulence modeling. The turbulent
boundary layer is considered to be formed by two re-
gions, with different expressions for the eddy viscosity
coefficient. The eddy viscosity in the inner region is
given by the Prandtl-Van Driest formulation

Hi=p(KYD)2\u\ (6)

where p is the density, \u>\ is the magnitude of the vor-
ticity, K=0.40 is the von Karman's constant and Y rep-
resents the normal distance from the wall. D is the Van
Driest damping factor. The eddy viscosity in the outer
region is given by

o = pkCcpYmaxFmaxFf;leb (7)

where
Fmax = max (Y'\w\D) (8)

and Fkieb is the klebanoff intermittency correction given
by

Fkieb = [1 + 5.5(CklebY/Ymax)}-1 (9)
where Ckieb is a constant. Details of the model can
be found in Baldwin and Lomax \-15'. In the laminar-
turbulent calculations the turbulence model is used af-
ter the transition location.

Transition Prediction

For low-Reynolds-number flows over airfoils, the sep-
arated laminar boundary layer may undergo transition.
Hence, a transition prediction method is required. For
the current laminar-turbulent calculations the transi-
tion is fixed. However, for future calculations an ap-
proximate en will be used for transition prediction.

NUMERICAL METHOD

In the computations the equations are transformed
from the Cartesian coordinates(x,y,t) into the curvi-
linear computational coordinates (£, rj, T). The compu-
tations are performed on a C-grid (for airfoil compu-
tations) .The grids are generated using an elliptic grid
generator. An implicit second order finite volume line
Gauss-Seidel iteration method *-16' is used for the com-
putations. The inviscid terms are computed using the
flux splitting method and central differencing is used
for the viscous terms. The computation involves cal-
culations which are implicit in the 77 (normal) direc-
tion, while the £ (streamwise) direction terms are com-
puted by a line Gauss-Seidel iteration with alternating
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sweeps in the backward and forward £ directions. The
computations are first order accurate in time, with the
time step being small enough to resolve the time depen-
dence of the solution. This is checked by using smaller
timesteps and confirming that the solution is indepen-
dent of the timestep used. The calculations were per-
formed with grids of 158 x 58 and 314 x 114 to ensure
the grid independence of the solution. The averaged lift
and drag coefficients from the two solutions are within
3% of each other.

RESULTS

The time accurate Navier-Stokes solver is used to cal-
culate unsteady separated low-Reynolds-number flows
over the Eppler 387 airfoil and the APEX airfoil. The
results for the Eppler 387 airfoil are compared with ex-
isting experimental and computational results. A linear
stability analysis is performed for the separated bound-
ary layer in both the cases. The results are compared
with the numerical observations.

Validation Cases

The laminar Navier-Stokes solver is validated by com-
puting the incompressible flat plate boundary layer flow.
The results are in good agreement with the Blasius
boundary layer solution. The turbulence model was
validated by computing fully turbulent flow over the
NAGA 0012 airfoil for the following flow conditions: Re
= 9 x 106, a = 1.49°, M = 0.7. The results are com-
pared with existing numerical results ' *. The cj value
is calculated to be 0.23, which is within 4% of the ref-
erence value of 0.2401. The cj value is calculated to be
0.0082, which is within 2.5% of the reference value of
0.0084.

The Eppler 387 Airfoil

Low-Reynolds-number flow over the Eppler 387 airfoil
is calculated for the following flow conditions: Re =
1 x 105, a = l°,M- 0.2 The 314 x 114 grid used for
the computations is shown in Fig. 3. Both laminar
and turbulent calculations are considered for this case.
The calculations show the unsteady nature of the flow,
caused due to the instability of the separated boundary
layer.

The time-averaged results are compared with existing
experimental data ^. Table 1 shows the comparison of
the time-averaged lift coefficient with the experimental
value. The time averaged lift-coefficient is found to com-
pare well with experimental results for both the laminar
and turbulent solutions. The time-averaged drag coef-
ficient is compared with the experimental data in Table
2. The drag coefficient from the turbulent calculation
agrees well with the experimental result. The larger
drag in the laminar case is found to be due to a larger
separation bubble predicted in the laminar calculations.

Table 1: Comparison of averaged lift coefficients with
experimental data.

Experimental
Laminar

Turbulent

Cl

0.4910
0.4515
0.4712

% Error

8.05
4.04

Table 2: Comparison of averaged drag coefficients with
experimental data.

Cd % Error
Experimental

Laminar
Turbulent

0.0183
0.0218
0.0189

19.12
3.28

The time-averaged surface pressure distribution agrees
well with the experimental results for both the calcu-
lations, as shown in Fig. 4. Hence, the time-averaged
results from both approaches are similar and agree well
with the experimental values.

The numerical solution shows that the flow is un-
steady, with periodic vortex shedding. The vortex shed-
ding process is visualized in Fig. 5 using six instan-
taneous flowfield streamline plots in sequence, corre-
sponding to one time period. The plots also show the
existence of a dominant wavenumber in the numerical
results. This unsteadiness in the flowfield is in agree-
ment with the results of Lin and Pauley <-13', who ex-
tensively studied incompressible flows over the Eppler
387 airfoil and found similar unsteady vortex shedding.
The unsteady nature of the flow is evident from the time
variation of the surface pressure, at a point located near
the trailing edge, as shown in Fig. 6. The unsteady na-
ture of the flowfield causes a corresponding unsteady
variations in the lift and drag coefficients. The varia-
tion of the instantaneous lift and drag coefficients with
time is is shown in Fig. 7 and Fig. 8 respectively. Both
the figures show the unsteady nature of the flow. In
addition, the presence of a dominant frequency in the
flow is also seen.

The time-averaged flowfield shows the presence of the
separation bubble. The large scale characteristics of
the time-averaged separation bubble are similar for the
laminar and turbulent solutions, as seen from Fig. 9 and
Fig. 10. Figure 11 shows the average velocity profile at
several locations on the upper surface of the airfoil. The
reverse flow region within the separation bubble can be
clearly seen.

The source of the unsteady nature of the flowfield is
ascertained using a linear stability analysis of the sep-
arated flowfield using the time-averaged solution as the
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mean velocity profile, as shown in Fig. 11 The analysis
shows that the boundary layer is unstable for a range of
wave numbers. The growth rates and frequencies corre-
sponding to the various wavenumbers are given in Table
3 and plotted in Fig. 12 and Fig. 13. The maximum

Table 3: Results of the linear stability analysis of the
separated flow for the Eppler 387 airfoil case.

Wavenumber
a* = aS*
.01107
.03320
.04427
.06322
.06640
.07747
.08854
.09961
.11067
.12174
.13281
.14387
.16601

Frequency
,.* _ URJ'WR — U^
.00457
.01383
.01849
.02647
.02781
.03244
.03705
.04160
.04609
.05051
.05484
.05907
.06718

Growth Rate
, ,* _ uiS'ui - "ctr
.00209
.00713
.00940
.01260
.01304
.01431
.01516
.01556
.01549
.01492
.01382
.01219
.00721

dimensional effects and subsequently, transition. The
result is also consistent with experimental observations
of interactions within the separation bubble by Dovgal
et al f7'. In this region three dimensional effects are
expected to be important, and a localized three dimen-
sional calculation will be required to resolve the flowfield
[18]

The APEX Airfoil

The flow over the APEX airfoil was calculated for the
following freestream conditions: a = 4°,M = 0.5,Re =
2 x 105. The 300 x 58 grid used for the computations is
shown in Fig. 16. The numerical simulations reveal an
unsteady vortex shedding process similar to the Eppler
387 case. Figure 17 shows the time-averaged structure
of the separation bubble. The region of reverse flow in
the separation bubble can be clearly seen. Hence, the
mean velocity profiles will have an inflection point, and
are expected to be inviscidly unstable. Figure 18 shows
the inflectional velocity profile used for the linear stabil-
ity calculations. The analysis shows that the separated
boundary layer is unstable for a range of wavenumbers.
The growth rates and frequencies are tabulated below
and also plotted in Figures 19 and 20. The most un-

growth rate occurs at a* = 0.1, where a* is the nondi-
mensional wavenumber. The wavenumber is nondi-
mensionalized as a* = aS*, where 6* = x/(^/Rex),
Rex = P°°u°°x, The numerical results are expected
to correspond to the most unstable wavenumber. Fig-
ure 14 shows the instantaneous pressure coefficient dis-
tribution obtained from the numerical solution. The
wavenumber corresponding to the numerical simula-
tions can be determined from this data. The nondi-
mensional wavenumber is found to be 0.098, which is
within 2% of the value value calculated from linear sta-
bility theory. The result is also consistent with the ex-
perimental observations by Leblanc et al. *-6' that the
dominant frequencies measured in the velocity spectra
correspond to the most unstable wavenumber from the
linear stability analysis of the inflectional velocity pro-
files. Figure 15 shows the frequency spectrum of the
unsteady solution at various locations on the surface
of the airfoil. For the locations in the separation bub-
ble, the dominant frequency is u>* = 0.039. This is
within 6.5% of the frequency predicted by linear sta-
bility theory. This is consistent with the results of Lin
and Pauley "-13' who compared the dominant frequency
in the numerical simulations with the most amplified
frequency from a stability analysis, of a mixing layer
representative of the separated boundary layer. Figure
15 also shows the interaction of 2-D fundamental and
subharmonic waves. The results show that a subhar-
monic disturbances are generated by the fundamental
wave. This is expected to lead to nonlinear and three

Table 4: Results of the linear stability analysis of the
separated flow for the APEX airfoil case

Wavenumber
a* = a6*
.02370
.03160
.04740
.06320
.07900
.09480
.11060
.12640
.14220
.15800
.17380
.18960
.20540
.22120
.23700
.25280
.26860
.28440
.30020
.30810

Frequency

»*=*&-
.00036
.00269
.00871
.01580
.02354
.03167
.04000
.04836
.05665
.06480
.07273
.08040
.08778
.09485
.10158
.10795
.11394
.11954
.12473
.12717

Growth Rate
5+

wi ~ T/7T
.00185
.00398
.00876
.01339
.01744
.02080
.02344
.02535
.02656
.02709
.02697
.02622
.02487
.02293
.02043
.01737
.01377
.00966
.00504
.00255

stable nondimensional wavenumber from linear stabil-
ity theory is found to be 0.16. The numerical value
for the same is 0.147, which is within 8.5% of the ex-
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pected value. Further computations and analysis are in
progress to study flows over the APEX airfoils.

CONCLUDING REMARKS

Unsteady low-Reynolds-number flows over the Eppler
387 and APEX airfoils have been numerically simulated.
Both the studies show the unsteady nature of the sep-
arated flow, with periodic vortex shedding. The vor-
tex shedding seen in numerical results is found to be
due to the inviscid instability of the separated bound-
ary layer. The characteristics of the laminar region of
the separation bubble are found to be in good agree-
ment with the linear stability results. The numerical
solutions also show that beyond a certain location in
the separation bubble there is interaction between the
fundamental and subharmonic waves. Hence, three di-
mensional and nonlinear effects may become important.
Further computations are required to ascertain these ef-
fects. Future work will be directed towards localized
three dimensional calculations to study the nonlinear
effects.
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Separated Laminar Shear Layer

Laminar Separation Transition

Turbulent Reattachment

7
Reverse Flow Region

Figure 1: Structure of the separation bubble for low
Reynolds number flows.

Figure 3: A section of the 314 x 114 grid used for the
computations over the Eppler 387 airfoil.

-0.5 H

Laminar Receptivity
Boundary Layer

Turbulent Flow

Linear Instability Interaction of
Nonlinear Disturbances

o Experimental
——— Tuibulent Computation (Averaged)
- - - - - Laminar Computation (Averaged)

0.0 02 0.4 0.6
(X/C)

0.8 1.0

Figure 2: A schematic showing the various stages of the
transition process.

Figure 4: Time averaged Cp distributions for the lami-
nar and turbulent solutions compared with experimental
results. Flow over the Eppler 387 airfoil at M=0.2, Re
= 1 X 105, a = 1°.
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Flowfield streamline plots (a)-(f) in sequence, corresponding to one time period, showing the vortex
shedding process. Flow over the Eppler 387 airfoil at M=0.2, Re = 1 x 105, a = 1°.
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0.36 0.38 0.40 0.42 0.44
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Figure 8: The variation of the drag coefficient with re-
spect to time. Flow over the Eppler 387 airfoil at M=0.2,
Re = 1 x 10s. a= 1°.

0.38 0.40 0.42

Time (Sec)
0.44

Figure 6: The variation of surface pressure at a fixed
point, near the trailing edge, with time. Flow over the
Eppler 387 airfoil at M=0.2, Re=l x 10s, a = 1°.

0.50 -

0.45

0.40

Figure 9: Time-averaged streamlines for the laminar so-
lution showing the separation bubble. Flow over the Ep-
oler 387 airfoil at M=0.2. Re = 1 x 10s. a = 1°.

0.38 0.40

Time (Sec)
0.42 0.44

Figure 7: The variation of the lift coefficient with respect
to time. Flow over the Eppler 387 airfoil at M=0.2, Re
= 1 X 10s, a = 1°.

Figure 10: Time-averaged streamlines for the turbulent
solution showing the separation bubble. Flow over the
Eppler 387 airfoil at M=0.2, Re = 1 x 10s, a = 1°.
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Figure 11: Time-averaged velocity profiles at various locations on the upper surface of the airfoil. Flow over the
Eppler 387 airfoil at M=0.2, Re = 1 X 105, a - 1°.
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0.030

0.10 0.15

Figure 12: The variation of the frequency with wavenum-
bers. Results obtained from the linear stability analysis.
a* = a5", w*R = WR£-. Flow over the Eppler 387 airfoil
at M=0.2, Re = 1 x 10s, a = 1°.

<o* = 0.0156

0.012

0.010

CO,
0.008

0.006

0.05 0.10

Figure 13: The variation of the growth rates with
wavenumbers. Results obtained from the linear stability
analysis, a* = aS*, w'j = MI£-. Flow over the Eppler 387
airfoil at M=0.2, Re = 1 x 10s, a = 1°.

1.0
0.2 0.4

(X/C)

Figure 14: Instantaneous pressure coefficient (Cp) distri-
bution. Flow over the Eppler 387 airfoil at M=0.2, Re —
1 X 10s, a= 1°.
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Figure 15: Frequency spectrum of the pressure distur-
bance at various locations on the upper surface of the

Figure 16: The 300 x 58 grid used for computations of
flow over the APEX airfoil.
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<B, =0.0271

0.020

Figure 17: Time-averaged streamlines showing the sep-
aration bubble. Flow over the APEX airfoil at M=0.5,
Re = 2 x 10s, ex = 4°.

Figure 19: The variation of the growth rates with
wavenumbers. Results obtained from the linear stability
analysis, a* = ceS", w* =. uj-j^—. Flow over the APEX
airfoil at M=0.5, Re = 2 x 10s,°°a = 4°.
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Figure 18: The separated velocity profile used for lin-
ear stability calculations. Flow over the APEX airfoil at
M=0.5, Re = 2 x 10s, a = 4°.

Figure 20: The variation of the growth rates with
wavenumbers. Results obtained from the linear stability
analysis, a* = aS*. o/t = wr-n—. Flow over the APEX1 t'oo
airfoil at M=0.5, Re = 2 x 10s, a = 4°.
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