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Abstract

The complexity of hypersonic flow requires efficient
and accurate numerical methods for flow-field predic-
tion. Since the current numerical methods for hyper-
sonic flow computations are usually only second or-
der accurate, we apply the essentially nonoscillatory
(ENO) schemes, which are uniformly high order accu-
rate to two-dimensional compressible viscous flow, with
solid boundaries using body-fitted structured grids.
Implicit methods are used to solved the Navier-Stokes
equations by using the ENO schemes for the test cases
of steady high-Reynolds-number viscous flows, which
include supersonic boundary layer, shock/boundary-
layer interaction flow, and type IV hypersonic shock-
wave interfence heating problem. Results of the third
order accurate ENO scheme for solving the Navier-
Stokes equations have been obtained for the test cases.
These results show that the 2-D ENO schemes are able
to compute viscous flows with high resolution.

I. Introduction

The complexity of hypersonic flow requires effictent
and accurate numerical methods for flow-field predic-
tion. In numerical computations for viscous hypersonic
flow, the presence of discontinuity surfaces of flow vari-
ables, such as shock waves, contact surfaces, and com-
bustion fronts, makes it difficult to obtain high order
accurate numerical solutions. An example of these flow
problems is the shock-wave interference heating prob-
lem. It is a critical problem in the development of
future hypersonic vehicles because the most intense lo-
cal heating rates on the vehicle are expected to be on
cowl lips caused by this shock-shock heatingm. There-
fore we need to accurately and efficiently predict these
flow characteristics. But the shock-shock interference
problem is a difficult problem for numerical computa-
tion because the strong shock waves and shear layers
occur and interact with one and the other to form com-
plicated flow patterns. High order accurate shock cap-
turing numerical schemes are necessary to compute the
flow structure.
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In the neighborhood of the discoutinuity surfaces
of the flow variables, conventional methods based on
central difference approximation yield oscillatory solu-
tions. Upwind difference schemes have been developed
to capture the shock waves and other discontinuity sur-
faces without oscillation. However, a straight forward
extension of the first order upwind schemes to higher
order accuracy leads to oscillatory solutions around the
shock waves. The need of high resolution nonosciila-
tory numerical solutions has led to the development
of total variation diminishing (TVD) schemes(*], which
have been successfully used to compute practical flow
problems using the Euler and Navier-Stokes equations.
In order to prevent the total variation of the solutions
from increasing, however, the TVD schemes are not
uniformly higher order accurate. It is necessary for
these schemes to reduce to first order accurate at local
extrema of the solutions while maintain second order
accuracy in other smooth regions.

In recent years, a class of essentially nonoscilla-
tory {ENQO) schemes, which are able to achieve uni-
formly high order accuracy, has been introduced by
Harten, Engquest, Osher and Chakrava.rthy[s]. The
ENO schemes present a hierarchy of uniformly high
order accurate schemes which are generation of Go-
dunov’s scheme, its second order accurate MUSCL
extension! to arbitrary order of accuracy. The ENQ
schemes attempt to avoid the growth of spurious oscil-
lation in numerical solutions by piecewise polynomial
interpolations based on adaptive stencil, which is cho-
sen according to the local smoothness of the flow vari-
ables to avoid interpolation across discontinuities.

Because of uniformly high order accuracy of the ENQ
schemes, they are particularly appropriate for flow
computations where uniformly high order accuracy are
needed to compute flow with discontinuity fronts. One
example of these flows is the hypersonic shock-wave
interference heating problem. more over, they are
also suitable to compute unsteady high-frequency flow
physics. An example of their applications is the sim-
ulation of shock-wave turbulence interaction in a flow
field with complicated geometries, which are not easily
solved by the spectral methods.

Since their introduction, the ENO schemes have been
applied successfully to solve many 1.D and 2-D Euler
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Equations and Navier-Stokes equations. Recent ap-
plications can be found in Refs. [5, 6, 7, 8, 9]. For
the 2-D Euler equations, Casper extended the ENO
schemes based on the finite volume approach ta gen-
eral 2-D curvilinear grids and has applied the ENO
schemes to 2-D boundary value problems for the Eu-
ler equations. He obtained some promising results for
two dimensional Euler equations with non-trivial ge-
ometries and solid wall by using the 21 ENO schemes
of up to 4th order accuracy.

However, the ENO schemes have not been applied to
multidimensional compressible viscous flows with non
trivial geometries and solid wall, which are of practi-
cal importanece in aerospace applications, and the per-
formance of the ENO schemes in the viscous bound-
ary layer is still unknown. Therefore, the objective of
this paper is to apply the high order ENO schemes to
high-Reynolds-number viscous flows by using curvilin-
ear grids and to evaluate the performance of the ENO
schemes for these viscous flow computations.

In this paper, the ENO schemes are applied to the
following test cases of viscous flows:

e Supersonic flow of Mach 2 over a boundary layer
of flat plate. This case, which does not involve
a shock wave in the boundary layer, is chosen to
test the performance of the 2-D ENO schemes on
smooth viscous flow fields.

e Shock/boundary-layer interaction problem. An
external oblique shock incident upon a boundary
layer on a flat plate is chosen to be strong enough
to cause the boundary layer to separate from the
surface and reattach downstream.

e Shock-wave interference heating on 2 2-D cylindri-
cal leading edge.

The results of viscous flow computations using the 2-
D ENO schemes of different orders of accuracy are eval-
uated, especially the third order accurate ENQ scheme,
which is one order more accurate than mos{ of the cui-
rent methods. The results of the present computations
are also compared with available experimental results
and numerical results by using other numerical meth-
ods.

II. ENO Schemes for Navier-Stokes
Equations

Navier-Stokes Equations

In the Cartesian coordinates, the two-dimensional
Navier-Stokes equations can be written in the following
conservation-law form:
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where U = [p, pu, pv, €]T, F = F. + Fv, and G =
G+ Gv. F, and G, are the inviscid flux terms and F,
and G, are the viscous flux terms, i.e.,
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In the equations above, e denotes the total energy per
unit volume (¢ = CvT+{u?4v?)/2); the gas is assumed
to be perfect gas with ¥ = 1.4. Using tensor notation
the viscous stress and heat flux are given by
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where p and x are computed by using the Sutherland’s
law and a constant Prandt] number assumption (Pr =
0.72}.

The Cartesian coordinates are used to demonstrate
the numerical methods used in the present paper.
In the finite volume approach, the integral form of
the governing equations is used. For the grid cell
(i,7), which represents a rectangle (.r,-_é,.r,-Jr%) X
(yj_%,yj,i_%), the intergal form of the conservation
equations can be obtained by integrating Eq. (1) with
respect to r and y over the cell,
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where A;; = Az; x Ay; is the area of the cell and i‘j
is the cell average of U,
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Fi+§,j and G',-,J-_'_% are the cell surface integrals of the
fluxes given by
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Numerical methods in solving Eq. (7) involve two
procedures: formulating the numerical approximation
of surface flux integrals and then using a time stepping
scheme to solve Eq. (7), which reduces to a system of
ordinary differential equations.

Surface Flux Integrals Approximation

The first step is to formulate the numerical approx-
imation for surface flux integrals Fi+%.j and G
hased on the cell average values U;;. For ﬁ}+%|j, the
surface integrals in Eq. (9) are numerically evaluated
by using the Gaussian quadrature. For the first and
second order accurate schemes, one point Gaussian
quadrature is used; for second and third order accu-
rate schemes, two-point Gaussian quadrature is used,
etc. In order to compute the Gaussian quadrature, we
need to evaluate the flux term F = F, + Fv at Gaus-
sian quadrature points, where the viscous and the Euler
flux terms are computed by using differently methods.
F, is evaluated by using central difference approxima-
tion, while F, is evaluated by using a upwind difference
scheme in order to capture shock waves without oscil-
lation.

In the finite volume formulation, however, only the
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cell-averaged values of flow variables ﬁ,-j are obtained
in solving the conservations. Therefore, the first step in
evaluating the inviscid fluxes is to reconstruct from U/;;
the point values of flow variables, U/, and Ug, on the
left and right sides of the cell interface Si+t- The ENO
schemes use adaptive piecewise polynomial interpola-
tion to reconstruct the point values of variables U/}, and
Un. Since a fixed stencil high-order polynomial inter-
polation leads to oscillatory interpolation across dis-
continuity of the variables, the ENO schemes choose
the “smoothest” interpolation stencils to reconstruct
the point value of flow variables, thus avoid interpola-
tion across discontinuities so that essential nonoscilla-
tory schemes can be achieved with uniformly high order
accuracy.

Following the reconstruction step, the flux F. is
computed by using an upwind approximation formula
based on the approximate values of Uy and Ug, There
are many available unwind schemes to compute invis-
cid flux. The present studies use the Roe approximate
Riemann solver'” as follows:
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where |A], which is evaluated based on the Roe aver-
age of flow variables /; and Ug, is derived from the
diagonalized form of the Jacobian matrix of F, with
all the eigenvalues replaced by their corresponding ab-
solute values, It has been shown that the Roe scheme

show may violate the entropy condition when the mag-
nitude of an eigenvalue of matrix JA] is very small and
may create nonphysical expansion shock in the solu-
tion. Following Harten(?], the eigenvalue of |4] is mod-
ified to be
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where uy, is the normal velocity on cell interface and ¢ is
the speed of sound. In the computations of the cases in
this paper, only the case of shock-on-shock interference
heating problem needs modification with € = 0.2.

Implicit Time-Stepping Scheme

After the approximate formulation of the flux inter-
gals has been obtained, Eq. (7) reduces to a system of
ordinary differential equations, which can be solved by
using a time stepping scheme. For unsteady flow com-
putations, we use explicit time accurate methods in the
ENO schemes to compute the flow problems. In this
paper, Eq. (7) is integrated by using the TVD Runge-
Kutta time stepping schemes of Shu and Osher!!] to
obtain the sell averaged variables ET,-J- at the next time
step.

On the other hand, for high-Reynolds-number vis-
cous flow simulation, the grid size across the bound-
ary layer near body surfaces is so small that explicit
methods use prohibitively long computer time to reach
steady state solutions because the time step has to be
very small to satisfy stability conditions. Therefore,
Eq. (7) is integrated by the implicit line Gauss-Seidel
relaxation methods described by MacCormack!’? so
that large CFL number can be used to rearch fast con-
vergence for steady state problems. The method has
been shown to be very robust and has been applied to
3-D coniputations and other hypersonic flow computa-
tions. We use the implicit equations in the delta form
so that in the implicit part of the equalions we can
use the Steger-Warming flux splitting method, which
is fast convergence for implicit methods, without hav-
ing effects on the accuracy of steady state solutions.

For steady state problems, whether the ENO
schemes are able to obtain steady state solutions have
been questioned because the residual of the computa-
tions using the ENO schemes approaches a finite values
instead of machine zero. The finite residual is caused by
the unsteady adaptive interpolation procedure used in
the ENO schemes. Nevertheless, our computational re-
sults show that the numerical computations can be con-
sidered to reach steady state solutions after the residual
reaches a fixed pattern as time step increases.

1-D ENO Reconstruction



The ENO schemes have been documented exten-
sively in the literature®® 7. The ENO interpolation
used in this paper is briefly review below, more de-
tails can be found in the references cited above. The
ENQ reconstruction for a scalar function is considered
herein, the extension to the Euler equations which is a
system of equations is straight forward(®.

We want to evaluate the point value of w(z) of a
piecewise smooth function w from its cell average w;,

g

o= [ wtere (19)
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where h; = %1~ %;_3. Given the cell average W;, we
can immediately obtain the point value of the primitive

function W(z) (= f;n w(£)df) as
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we obtain a piecewise polynomial interpolation func-
tion H.,(x; W) of degree m by interpolating the point
values of Wi 1 given by Eq. (15), and then obtain a
pointwise approximation to w(z) by

R(z;w) = ;;Hm(z;W) {17)

where R(z;%) denotes the reconstruction polynomial.
For cell {x;_ 1,7z, 1], we take Hm(z; W) to be the
mth-degree po]ynomfal that interpolates the values of
VVH_; al m + 1 successive points z; i+ds im <7 <
Jm + m which include z;_1 and Z;y 1. Since there
are m different choices of ]m, the 1nterpolat10n sten-
cil is not unique. The ENO schemes choose a stencil
for [2;_1,z; 1] such that Hp(z;W) is “smoothest”,
which is extrdcted from a table of divided differences
of W{z). After an interpolation stencil has been chosen
for every cell, the same divided difference table is used
to compute the point value of w by using the Newton’s
divided difference formula for polynomial interpolation.
The use of adaptive interpolation stencils is the main
contribuiion of the ENO schemes for high resclution
computation across discontinuity surfaces. However,
in smooth regions of the flow filed, the chattering sten-
cils used in the ENO schemes can lead to a loss of
accuracy[13]. Shul'¥ has demonstrated that this loss
of accuracy can be avoided by biasing the selection of
the stenciis in the smooth part of the solutions. Shu’s
modified ENO schemes are also tested and used in this

paper.

Arbitrary Accuracy 2.D ENO Reconstruction

The extension of the 1-D ENO reconstruction pro-
cedure to the arbitrary accurate 2-D ENO reconstruc-
tion via primitive function is documented by Ca.sper[’]
The implementation of 2-D ENO reconstruction is a
composition of two applications of one-dimensional re-
constructions in both z and y direction. The two-
dimensional cell average ;; is
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where the new piecewise smooth function w;(z) is the
line average in y in the interval of [yj_%,yj_k.}], af
w(z, y) for a given z.

According Eqs. (19) and (20), we can reconstruct
the 2-D point value of w(z,y) from cell averages in
two steps. First, for each j, Eq. (20) shows that %;
is the line average in z direction of one-dimensjonal
function ;{z) in the cell [ri—é,jrxi—lf,j]- Therefare,
the one-dimensional ENQ interpolation procedure de-
scribed previously can be used in r direction to ob-
tained the point wise value of w;(z}. Then, for a given
x, Eq. (20) shows that w;(x) is the line average in
y direction of one-dimensional function w(z,y}). Sim-
ilar one-dimensional ENQ interpolation procedure is
used in y direction to obtained the point wise value of
w(z,y) by adaptively interpolate the point wise values
of w;{z), which have been obtained in the first step.
Arbitrary order of accuracy can be achieved by using
this full two-dimensional ENO interpolation procedure.

It is noted that the procedure above is not the ex-
tension to two-dimensions by simply “overlapping” two
one-dimensional stencils in each direction. Casperl”
has shown that this “Dimension by Dimension” 2-D
ENO schemes can only achieve second order accuracy.
Since the main motivation of using the ENO schemes in
this paper is to perform high order accurate computa-
tions, we use the arbitrary high order two-dimensional
ENO reconstruction. The arbitrary accuracy 2-D ENO
reconstruction procedure of this paper is programmed
in a way such that reconstruction procedure is about
two times as expensive as the “dimension by dimen-
sion” reconstruction and requires about two times as
much memory.



General Curvilinear Coordinates

The 2-I3 ENO schemes for solving the Navier-Stokes
equations in this paper are based on structured body-
fitted grids. The use of the structured grids makes
the arbitrary order two-dimensional ENO reconstruc-
tion more efficient compared with unstructured grids.
It is noted that the ENO schemes for the Euler equa-
tions have been extended to two- and three- dimen-
sional geometries by using unstructured gridsf® 15 16,
Though the structured grids are not as flexible, most
of the viscous flow problems can be represented by the
structure grids.

In the general curvilinear coordinates in the body-
fitted grids, the conservation equations in Cartesian
coordinates are transformed in the curvilinear coordi-
nates (£, #) in conservation-law form. The ENO con-
struction procedures are extended to (£, 77} space simi-
lar to the procedures in the Cartesian coordinates de-
scribed above. The details can be found in Ref. [7].

Boundary Conditions

No slip boundary condition is used on the the wall
surface. The flow variables in the supersonic {ree
stream are specified, and those in the outflow bound-
aries are computed by using zeroth order or linear ex-
trapolation. For high order ENO interpolation, the
adaptive interpolations stencil is chosen such that only
interior flow variables are involved in the interpola-
tions.

Viscous Flux Computation

For the Navier-Stokes equations, the evaluation of
intergals of viscous flux on the cell interfaces requires
the first order derivatives of velocity and temperature.
These derivatives are evaluated by using the central dif-
ference approximations based on the point wise value of
the flow variables at the centroid of the cell, which can
be reconstructed by using the ENQO reconstruction. At
present stage of this research, these values for viscous
computations are taken to be the cell averaged value
which are second order accurate. On the other hand
the inviscid fluxes are evaluated at arbitrary accuracy.
Our next step is to modify the viscous schemes so that
the scheme is arbitrary high order accurate for both
inviscid and viscous flux computations.

III. Numerical Results

The performance of the 2.D ENO schemes in solving
the two-dimensional Navier-Stokes equations is tested
by computing three test cases discussed in the intro-
duction section. The test cases are computed by us-
ing five different test runs of the ENQ (or modified
ENO) schemes with spatial accuracy ranging from first
to third order accurate as follows:

1. First order ENO scheme, which reduces to the first
order Roe scheme.

2. Second order ENO scheme.

3. Second order Shu’s modified ENO scheme.
4. Third order ENO scheme.

5. Third order Shu’s modified ENO scheme.

The results of these test runs are compared with one
and the other to evaluate the effect of increasing order
of accuracy in the ENO schemes.

Supersonic Boundary Layer

The first test case, which does not involve a shock
wave in the flow field and is chosen to test the per-
formance of the 2-D ENO schemes on smooth vis-
cous flow fields, is supersonic laminar flow over a fiat
plate. The free stream flow conditions are: M = 2.0,
Reoo/L = 1.65 x 108/m, T = Tyau = 221.6K and
L = 1.83m. The results of the two-dimensional ENO
schemes for the Navier-Stokes equations are compared
with the results of boundary layer computations which
are taken from Ref. [17]).

A set of coarse 20 x 20 grids {(above the plate surface)
which are uniformly spaced in both z and y directions,
is used to compute the boundary-layer flow. The veloc-
ity and temperature profiles across the boundary layer
at x = 0.915m are plotted to compare with the results
obtained from the boundary layer code.

Figs. 1 to 2 show the velocity profiles across the su-
personic boundary layer at z = 0.915m computed by
the five test runs. Fig. 3 shows the corresponding tem-
perature profiles. In general, these results show that
as the order of accuracy of the ENO schemes increases,
the accuracy of both the velocity and temperature pro-
files improves. The results of using Shu’s modified
ENO schemes shows improvement of accuracy com-
pared with the corresponding ENO schemes without
modification. On the other hand, the computations us-
ing the modified ENO schemes show more fluctuation
in the convergence process compared with the ENO
schemes.

The results of the first test case show that the ENO
schemes are able to predict steady viscous flows in the
boundary layer with high accuracy. The Shu’s modi-
fied ENQ schemes improve the accuracy of the ENO
schemes in the boundary layer, but tend to be slightly
more oscillatory. Overall, Shu’s modified ENO schemes
are preferred over the unmodified ENQ schemes for vis-
cous flow computations.

Shock-Wave/Boundary Layer Interaction

This test case, which is intended to evaluate the
performance of the ENO schemes in viscous boundary



layer with steep gradients of the flow variables presense
in the flow field, is the interaction of an oblique shock
wave with a laminar boundary layer. Fig. 4, which is
taken from [18], shows the flow field representing this
interaction. The external oblique shock incident upon
a boundary layer on a flat plate is chosen to be strong
enough to cause the boundary layer to separate from
the surface and reattach downstream.

The same problem has been studied experimentally
by Hakkinen et. al.['% at the following free stream flow
conditions: Mu, = 2.0, Reoe = 2.96 x 10%, and the
incident shock wave is imposed such that its direction
intersects the flat plate at 32.6 degrees. The Reynolds
number is based on the reference length measured from
the leading edge to the intersection point. The same
problem has been studied extensively by many authors
using various numerical methods!*® 2%,

In the present studies, the five test runs are used
to computed the flow field of shock/boundary-layer in-
teraction using different grid resolutions. Only the re-
sults of the first order, the second and third order ENO
schemes with Shu’s modification are shown in this pa-
per due to space limitation. The results presented here
are computational results using a 102 x 144 grids above
the plate surface. A set of uniformly spaced grids
is used in z direction and an exponentially stretched
grids are used in y direction. The implicit ENO scheme
with Roe scheme without entropy correction are used
in the computations. The CFD number for typical run
is 5 x 10%. Each run takes about 200 iteration until the
solution converge to a fix pattern. For the grids in the
present case, the first order implicit computation takes
about 0.6 minute per time step in an IBM RISC600
workstation, while the second order ENO scheme takes
about a factor 2 and the third order ENO scheme takes
about a factor 3.5 CPU time per step.

Figs. 5 shows skin friction coefficient defined by
e; = 1/(poou’ /2). The numerical results are com-
pared with experimental results of Hakkinen at. al 19
and the numerica) results of MacCormack!'®). The re-
sults show the improvement of accuracy as the order
of the ENO schemes increases. The numerical results
of the second and third ENO schemes are consistent
with MacCormack’s results which were computed with
a coarse 32 x 32 grids and other nimerical computa-
tions. These figures also show that the numerical re-
sults of the skin friction distribution obtained by high
order ENQO schemes are not very smooth in the sepa-
ration region because the separation of the boundary
layer and the modified ENO reconstruction is used.

Figs. 6 to 8 show the pressure contours of three test
runs. From the figures, we can see that as the accuracy
of the ENQ schemes increases, the resolution of the
captured shock becomes better. Again, the modified
ENQO schemes tend to be slightly more oscillatory in
the interaction area.

Shock-Wave Interference Heating on a Cylinder

Fig. (9) shows a schematic of the flow field taken
from Ref. {21}. The peak heating rates generated on
the blunt leading edge by a shock incident on the bow
shock in the stagnation region can be orders of magni-
tude greater than the stagnation value in the absence of
the interaction. Since the intense shock waves, shear
layer and viscous boundary layer that occur and in-
teract with one and the other in a very small area, the
problem is a very stiff one for numerically computation.
Especially for type IV interaction, which shows most
severe interference heating, it has been found that the
flow field inherently unsteady which makes numerical
computation more difficult.

Previous studies include experimental studies!*?},
theoretical studies, and numerical studies(®®: 24 21,
Most of the previous numerical studies have been lim-
ited to 2nd order accuracy. The results showed that
accurate computation of heat transfer rate is crucially
dependent on the shock resolution in the numerical so-
lutions. Therefore, ENO schemes with higher than 2nd
order accuracy can be very useful to capture the flow
physics with high accuracy.

We choose the type IV shock wave interfence heat-
ing case to evaluate the performance of the high order
ENO schemes in computing hypersonic flow with com-
plex shock-shock and boundary layer interaction. The
resuits of the ENO schemes are compared with the ex-
perimental results. The flow condition chosen to be
one of the cases studied by Thareja et. al ! The free
stream flow above and below the imping shock wave
are:

Mo =8.30 Mijs =525
TOO = 111561\. Twa“ = 29444]\'
Poo = 986.33N/m? 5= 12.5°

Cylinder Radius = 1.5n.
Boo =0

where B 15 the free stream flow angle and 6 is the flow
deflection angle across the imping shock wave.

Since the main purpose of this paper is to compare
the third order accurate ENO scheme with the first
and second order schemes, a relative coarse 80 x 68
grids are used for this problem as a test case. Fig. 10
shows the computation grids used in the present stud-
ies. The implicit methed is used with a CFL number
of 50-100 to drive the iteration to a solutions to steady
state with each run takes about 1000 iteration. The
Roe scheme with entropy correction (¢ = 0.2) is used
in the inviscid flux evaluation. The problem has been
show experimentally and numerically to be marginal
unsteady®'l. Our computations do show that the re-
sults will not converge to a relatively stable pattern.
Therefore, the results showed in this paper are the re-



sults at a particular moment in this marginal unsteady
flow.

On the other hand, for mesh cell iocated at the
shock-shock interaction point in the present test case,
there are not enough smooth grid points for high or-
der ENO interpolation to be nonoscillatory. Similar
one-dimensional cases exist when two one dimensional
shock waves meet each other®). As a result, higher or-
der polynomial interpolation may produce nonphysical
negative pressure and density. Followed Harten et. al.,
the order of reconstruction will be reduced locally if
the following condition is not met at a cell during the
reconstruction,

pP—-P
—| <08 21
D - ( )

and

f;—" <08 (22)

where 7 and 7 are the cell average pressure and density,
and p and p are point values obtained by ENO recon-
struction within the same cell. The order reduction is
done only in the iocal one or two cell points near the
shock interaction point and does not affect the overall
accuracy in the smooth region.

Figs. (11) to (13) show the Mach number contours
of the solutions using the first, second, and third order
accurate ENO schemes, These figures show that as
the orders of the ENO schemes increase, the resolution
of the solutions in the interaction area improves and
the arbitrary accurate ENO schemes do capture the
detailed flow physics better.

Figs. {14) and {15) show the comparison of surface
heating rate and surface pressure with experimental
measurernent by Wieting and Holden!®?. These results
are reanalyzed and published by Thareja et. al.*3l
They also compared these experimental results with
their numerical results using finite element methods.
¥ollowed the treatment of Tharcja el. al. the peak
heating rate and surface pressure in our results are
normalized by those of undisturbed stagnation values,
Qo = 41.43Btu/ft’s and py/pe. = 83.5.

From the figures, we can see that the numerical re-
sults follow the same trend of the experimental results,
though the location of peak heating rate is off by about
7 degrees. This may be due to the coarse 80 x 68 grids
used for this problem and interaction region is not re-
salved with enough grid resolution. Meanwhile, the lo-
cation of the peak heating rate is very sensitive to the
location of the impinging shock, Qur grids are not fine
enough to locate the imping shock accurately. Further
studies are needed to resolved this issue. Stiil the third
order ENO scheme works quite well for the present test
cases and are particular useful for this kind of hyper-
sonic computations.

IV. Conclusions

The essentially nonoscillatory (ENO) schemies, which
are uniformly high order accurate, have been applied
to two-dimensional compressible viscous flow with solid
boundaries using body-fitted structured grids. Im-
plicit ENO schemes for solving the Navier-Stokes equa-
tions have been applied to test cases of steady high-
Reynolds-number viscous flows. The test cases include
supersonic boundary layer, shock/boundary-layer in-
teraction flow, and type IV shock-wave interference
heating on a cylindrical lead edge. Results of the ENO
schemes of up to unifermly third order accuracy for
solving the Navier-Stokes equations have been obtained
for these test cases. .

The following conclusions have been reached:

I. Steady state solutions of viscous flows can be ob-
tained efficiently by using the implicit 2-D ENO
schemes.

2. Higher order accurate ENO schemes lead to better
accuracy in capturing the shock waves and resolv-
ing the boundary layers which are important for
hypersonic flow computation.
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Figure 1: Comparison of velocity profiles of the
ENO schemes of first and second order and the
boundary layer theory across supersonic bound-
ary layer.
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Figure 2: Comparison of velocity profiles of the
ENO schemes of third order and the boundary
layer theory across supersonic boundary layer.
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Figure 3: Comparison of temperature profiles of
the ENO schemes of 1st to third order and the
boundary layer theory across supersonte bound-
ary layer.
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Figure 4: Sketch of the flow field of
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Distoned Bow Shock

Figure 6: Pressure contours obtained by using
the first order ENO scheme.
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Figure 9: Schematic of type IV shock-wave inter-
ference heating on a cylindrical leading edge.

Figure 7: Pressure contours obtained by using
the second order ENO scheme with Shu's mod-
ification.
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Figure 8. Pressure contours obtained by using
the third order ENO scheme with Shu’s modi-
fication.

Figure 10: Computational grids employed for
type IV shock interference flow at M = 8.03
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Figure 11: Mach number contours for first order
accurate ENO scheme for type IV shock inter-
ference flow at M, = 8.03

Figure 12: Mach number contours for second or-
der accurate ENO scheme for type IV shock in-
terference flow at M, = 8.03

Figure 13: Mach number contours for third order
accurate ENO scheme for type IV shock inter-
ference flow at M., = 8.03
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Figure 14: Surface heat transfer rate Q/Q, for

type IV shock interference How at M = 8.03
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Figure 15 Surface pressure p/py for type IV

shock interference flow at M, = 8.03



